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Throughout this document, we shall fix a prime p. Unless otherwise stated, K shall refer
to a number field. If p is a prime of K, we shall denote by K, the completion of K at p.
When p is non-archimedean, we denote by O, its ring of integers, Uk 4 for its unit group
and U ](? ; for the n' unit group of Ok, n > 0. By v, we shall mean the p-adic valuation
on K and K, and similarly for the p-adic absolute value |- |,. By Fg,, we shall mean the
residue field of K,. When it is evident which number field we are working in, we shall drop
K from the subscript.

1 Basic Properties of Z,-extensions

Definition 1.1. Let K /K be a Galois extension. We say that K.,/K is a Zy-extension
if Gal(K/K) = Z, as topological groups.

Proposition 1.2. Let Ko/K be a Z,-extension. Then for each n € N is a unique inter-
mediate field K C K, C K such that [K™ : K| = p". Moreover, these are exactly all
intermediate fields of Ko /K.

Proof. By the Fundamental Theorem of Galois Theory, the intermediate extensions of L of
K. /K are in one-to-one correspondence with the closed subgroups Cp, of Z,. Moreover,
L : K| = [Z, : CL]. Hence it suffices to determine the closed subgroups of Z,. Let
S C Z, be a non-zero closed subgroup. Fix z € S such that v,(z) is minimal. Clearly,
xZ C S. But S is closed and so 2Z, C S. By the choice of x, we necessarily then have that
S = a7, = p"Z,. O

Proposition 1.3. Let K./K be a Z,-extension and q a prime of K not lying over p. Then
K. /K is unramified at q.

Proof. Let I, C Gal(Koo/Kﬁenote the inertia group for q. Let g., be a prime of K
lying over q and denote by K., the completion of K, at q.. Since we have a continuous
surjection

7 Gal(Kw/Ky) — Gal(Fgr—/F,)

given by the reduction map and I, = 7 '({1}), it follows that I, is closed in Z,. Hence
I, =0 or I; = p"Z, for some n > 1. In the former case, we are done so assume that there
exists some n > 1 such that I; = p"Z,. Then I, is infinite. Since |I;| = 1 or 2 when q is
archimedean, we must have that q is non-archimedean.

By Local Class Field Theory, the local Artin map induces a continuous surjective homo-
morphism

[_7K_oo/Kq] 1 Ukq — I

Let ¢ be the rational prime lying under q. Then the logarithm map induces a surjective
homomorphism

log : Uk,q — Ok g4

Since this map has finite kernel A and O is a free Z,module of rank m = [K : Q], we
then have the isomorphism

Ukq = A X LI



Composing this with the local Artin map gives a continuous surjective homomorphism
A XLy — p Ly

But p"Z, is torsion-free as a Z,-module so we in fact have a continuous surjective homo-
morphism Z7* — p"Z,. This induces a continuous surjective homomorphism

Ly —» anp/pn+IZp = Z/pL

But Z;" has no closed subgroups of index p. Hence I; = 0 and so K /K is unramified
outside p. O

Proposition 1.4. Let K../K be a Z,-extension and K, the intermediate fields. Then at
least one prime of K ramifies in Ko, and there exists n € N such that every prime of K,
which ramifies in K., /K, is totally ramified.

Proof. Recall that the Hilbert class field of K is the maximal unramified abelian extension
of K and is of finite degree over K. Since K /K is an infinite extension, it follows that at
least one prime of K must ramify in K.

By Proposition the only possible primes of K that could ramify in K, are exactly
those that lie over p. Denote them py,...,p,, and let Iy,...,I,, be their corresponding
inertia groups. Then

for some n > 1. Now, the fixed field of p"Z, and by the Galois correspondence we have that
Gal(Ko/K,) C I, for all j. It then follows that all the primes above each p; are totally
ramified in K /K,. O

Example 1.5. Let K be a number field and and Q an algebraic closure of Q. We can
construct a Zj,-extension of K in the following way. Let p, be the group of all p-power roots
of unity in Q. Then K (u,~)/K is Galois and we have a continuous injective homomorphism

6 : Gal(K () /) — L

defined in the following way. Given o € Gal(K (yp~)/K) and n > 0, there exists a u,, € Z
such that o(¢) = (" for all ( € pym. Such a w, is uniquely determined modulo p™ and is
coprime to p and 8o u,1 = u, (mod p™). We then set

¢(7)

= lim u,
n—oo

and so Gal(K (py~)/K) is isomorphic to an infinite closed subgroup of Z. Such a closed sub-

group has finite torsion so, quotienting out by an appropriate subgroup of Gal(K (e )/K)

yields a quotient group isomorphic to Z,. The corresponding fixed field of this subgroup,

denoted K, is called the cyclotomic Z,-extension of K. Note that K = KQx

2 Determining the amount of Z,-extensions

Let K be a number field of degree n. Let oy, ..., 0, be the n distinct embeddings of K
into an algebraic closure of K. Let r; denote the number of real embeddings and r, the

number of pairs of complex embeddings. We are interested in how many Z,-extensions of
K there are.



Proposition 2.1. Let p denote a finite prime of K lying above p. Define
U— H Up(O), gL — H Up(l)
p/p p/p
and consider the diagonal embedding map

i:0p = U

e (g,...,¢)

If By =i~ (UW) then E, is a Z-module of rank r\ + 19 — 1. Moreover, E| (as a subspace of
U(l)) is a Zy-module of rank no more than ry 4+ ry — 1.

Proof. Recall that we have an isomorphism

P = F]

From which it follows that £ has finite index in Oj;. By Dirichlet’s Unit Theorem, O is a
Z-module of rank r{ 4+ r9 — 1 whence so is F;. Now, for large enough n, the logarithm map
induces an isomorphism of topological groups

log,, : Up(n) — "0,

so that Up(n) is a free Z,-module of rank [K, : Q,]. We also have, for each n > 1, an
isomorphism

U ~
/Up(n—f—l) =T,

Then UW is a free Z,-module of rank [K : Q] = >p/plfp + Qp]. This then implies that Bl is

a Zp-module. Since E) has Z-rank rq +ry —1, E can have Zy-rank no larger than r +7ry—1
as claimed. O

Conjecture 2.2 (Leopoldt). E is a finitely generated Zy-module of rank ri 419 — 1.

Remark. Leopoldt’s conjecture is known to be true in the case that K is an abelian exten-
sion.

Let I be the idele group of K and Cx = Ix/K* the idele class group. Let Dg be the
connected component of the identity of Ix.

Lemma 2.3. We have an isomorphism
Dy = (Rﬁo)” x (C*)™

Proof. Recall that non-archimedean fields are totally disconnected and therefore so are their
unit groups. Since the cartesian product of totally disconnected spaces is totally discon-
nected, it follows that Dy is topologically isomorphic to the connected components of the
archimidean completions of K. O

Lemma 2.4. Let F be a local field of characteristic 0 with residue field F such that char(F) =
p. Then Up = Uy @ FX.



Proof. Recall that we have an isomorphism
U, F o~ X
/U}I) =F
so that we have an exact sequence

0 >UI(;,1) > Ur > F > 0

The Teichmiiller lift provides a right splitting of this exact sequence so the Splitting Lemma
implies the Lemma. O

Theorem 2.5. Suppose that rankz, (E) =17y +ry—1—90. Then there exist r9 + 1+ 0
independent Z,-extensions of K. In particular, if K' is the compositum of all Z,-extensions

of K then Gal(K'/K) = Zp>++0.

Proof. Throughout this proof, we shall use the placeholder A to mean a certain finite group
whose exact structure can be ignored. Let L be the maximal abelian extension of K which
is unramified outside of p. By Proposition K’ C L. By class field theory, there exists a
closed subgroup K* C H C i such that the global Artin map induces an isomorphism

-, L/K] : CK/;; = Gal(L/K)

and such that Cx/H is totally disconnected. Given an archimedean prime q of K, let
Uy, = K. Furthermore, define the groups

v=1[v.. Uv'=]Jv,, U=UxU"
p/p atp

We will identify these groups with their images in I. Also note that U is an open subgroup
of I. Now, since L/K is unramified outside of p, U” C H. By Lemma we have that
Dy CU” C H. But L is the maximal such extension so, necessarily, H = K>*U".

Now define J' = Cx/H = Gal(L/K) and

J'=K*U/H=UH/H=U'/(UNH)
Letting UM = Hp/p Ul((ll as before, Lemma implies that U’ = UM x A. Then
J'=Ax U/ (UYNH)

Now let 1 : By — UW denote the embedding of F; into Ix. Note that ¢ (), = 1 when q 1 p.
We first require the following Lemma:

Lemma 2.6. Uy N H =U; N K*XU" =¢(E,)

Proof. Fix ¢ € E;. Observe that
Yle)=¢ (@) e K*U"

since (¢(g)/e), = 1 when p/p. By definition, 1 () € UM, Passing to the closure, we get
one inclusion.



To prove the other inclusion, denote U™ = Hp /p Up("). Then since [ is a topological
group, we have that

KU = (K*U"u™

n>1

Similarly, we have

It thus suffices to show that
UY N KXU"U™ C (B U™

To this end, fix x € K*,u” € U” and u € U™ and suppose that zu"u € UM . Then, clearly,
zu” € UM, Now, (u”), = 1 for p/pso x € Up(l) for such primes. Since (Uy), =1 for q{p
and v” is a unit at such primes, it follows that z is a unit everywhere so x € E; C Oj.. But
then zu” € ¢ (F;) and so xu"u € (E;)U, which completes the proof of the Lemma. O

We are now in a position to prove the Theorem. As before, UM = A x ZZ[)K:Q]. Hence
U/(UiNH) = Uy Jo(By) 2 Ax Zp e
so we have a similar isomorphism for J”. But
J )" = Cr U = Ck

where Cf is the finite ideal class group of K. Hence J'/Z7>"1° = A, Let N be cardinality
of the finite group A. Then

NZT2+1+6 C NJ/ C Zr2+1+5
p — — P

so that N.J' 2 Z>™% as a Z,-module. Let Jj be the N-torsion subgroup of J'. Then we
have isomorphisms

~J ~Y T +1+5
JJy 2 NJ =7

Now suppose that Jj has order larger than N. By the Pigeonhole Principle, there would
exist distinct x,y € J) such that [x] = [y]. But the difference [z] — [y] is also killed by
N and so Z>*'*% would have non-trivial N-torsion which it doesn’t. Hence |Jy| < N. In
particular, it has finite cardinality so its fixed field is necessarily K’ and the Theorem is
proven. O

Corollary 2.7. Let K(1) be the Hilbert class field of K and L the mazimal abelian extension
of K unramified outside of p. Then

Gal(L/K(1)) = | [[ Uk / O

Proof. In the notation of the previous proof, J' = Gal(L/K). The closed subgroup J”
corresponds to K (1) by class field theory and so Gal(L/K (1)) = J" = U'/(U' N H). The
same proof as for Lemma [2.6| shows that U' N H = ¢(Oj) as desired. O
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3 A-modules

Let K be a finite extension of Q,, O its ring of integers and 7 a uniformiser generating
the unique maximal ideal p of O.

Proposition 3.1 (Division Algorithm). Let f, g € O[[T]] with f =2, a;T". Suppose that
a; € p for 0 <i <n-—1buta, € OF. Then there exist unique q € O[[T]] and r € O[T]
such that g = qf +r and deg(r) < n — 1.

Proof. We first prove uniqueness which amounts to showing that if g f+r = 0 then ¢ = r = 0.
Suppose that ¢, # 0. Without loss of generality, we may assume that either 7 1 r or 7 1 q.
Reducing modulo 7 shows that, necessarily, 7|r so we have that 7 { ¢ but = | f¢. But 7 1 f
so we must have that 7 | ¢ which is a contradiction.

To prove the existence of ¢ and r, define the O-linear shift operator

7= : O[[T]] = O[[T]]
i biT" i b T "
=0 i=n
which satisfies the following two properties
1. 7(T"W(T)) = h(T) for all h(T) € O[[T]]
2. 7(h(T)) =0 <= h(T) € O[T] with deg(h(T)) <n—1
We can always write
f(T)==nP(T)+T"U(T)

where P(T) € O[T] has deg(P) < n —1 and U(T) = 7(f(T)). Now, since a, € O%, it
follows that U(T) is a unit in O[[T]]. Define

We note that the 77 factor ensures that this is a well-defined power series over O. Since
qf = mqP +T"qU
it follows that

7(qf) = n7(qP) + 7(T"qU) = 77(qP) + qU

Now,
mT(qP) =7 (7’ o 5) o (;io(_l)jﬂj (T o g)ﬂ o T(g))
=7(9) —qU
so that
7(qf) =7(9)
By the second property of 7 it then follows that g = ¢f + r for some r € O[T] such that
deg(r) <n —1. O



Definition 3.2. Let P(T) = T" + a, 1T" ' + -+ + a9 € O[T]. We say that P(T) is
distinguished if a; € p for 0 <i <n — 1.

Theorem 3.3 (p-adic Weierstrass Preparation). Let f(T) = > "2, a;T" € O[[T]] and suppose
that a; € p for 0 < i <n—1 but a, € p for some n. Then f can be written uniquely in
the form f(T) = p(TU(T) where U(T) € O|[T]] is a unit and P(T) is a distinguished
polynomial of degree n.

Moreover, if f(T') € O[[T]] is non-zero then we may uniquely write

f(T) == P(T)U(T)
with P a distinguished polynomial of degree n, U(T) € O[[T]] a unit and p > 0.

Proof. The second part follows immediately from the first part upon factoring out a large
enough power of 7 from the coefficients of f(7).

In order to prove the first statement, let g(7') = T™. By the division algorithm, there
exist unique ¢ € O[[T]] and r € O[T] with deg(r) < n — 1 and

~
3
[
=Y
3
=
3
_|_
=
3

Since
¢(T)f(T) = q(T)(anT" + o(T™*"))  (mod )

whence r(T') =0 (mod 7). Hence P(T') = T™ —r(T) is a distinguished polynomial of degree
n. Denote by ¢y the constant term of ¢(7'). Comparing coefficients of 7™, we see that

qoan, =1 (mod )

and so ¢o € O* whence ¢(7') is a unit in OJ[[T]]. Define U(T) = 1/q(T). Then f(T) =
P(T)U(T) as desired.

To prove uniqueness, note that any distinguished polynomial of degree n can be written
as P(T) =T" — r(T). Transforming the equation f(7') = P(T)U(T') back to

" =U(T)" f(T) +r(T)

allows us to apply the uniqueness statement of the division algorithm to see that U(7') and
r(T') are unique. O

Corollary 3.4. Let C, be the complex p-adic{l| and f(T) € O[[T]] non-zero. Then there are
only finitely many x € C, such that |z|, < 1 and f(z) = 0.

Proof. Fix x € C, such that |z|, < 1 and f(z) = 0. By the p-adic Weierstrass Preparation
Theorem we can write f(71") = 7*P(T)U(T) for some p > 0, P(T) distinguished and U(T') €
O[[T]]. But U(T) is a unit so U(z) # 0 and so, necessarily, P(z) = 0. Hence there can only
be finitely many such z. O

Proposition 3.5. Let P(T) € O[T] be distinguished and g(T) € O[T| arbitrary. If
9(T)/p(T) € O[[T]] then, in fact, g(T)/P(T) € O[T].

'Recall that the complex p-adics are the completion of the algebraic closure of Q, which are themselves
algebraically closed.




Proof. Write g(T') = f(T)P(T) for some f(T) € O[[T]]. Let z € C, be a root of P(T).
Then

0=Px)=2"+ z(x)r

for some polynomial z(z) € O[T]. Hence |z|, < 1 whence f(x) converges so that g(z) = 0.
Now, dividing by 7' — x and expanding the ring as necessary we can continue this process
to see that P(T') divides g(T") as polynomials and so f(T") € O[T. O

From now on, let A = Z,[[T]].

Proposition 3.6. A is a unique factorisation domain and is Noetherian. It’s irreducible
elements are p and the irreducible distinguished polynomaials. The units are precisely the
power series whose constant term is 1.

Proof. Everything follows immediately from the p-adic Weierstrass Theorem except the
Noetherian statement which follows from the formal Hilbert Basis Theorem and the fact

that Z, is Noetherian (it’s a PID). O
Lemma 3.7. Let f,g € A be coprime. Then (f, g)A is of finite index in A.

Proof. Fix h € (f,g) of minimal degree. The necessarily h = p*H for some s > 0 and either
H =1 or H a distinguished polynomial. Suppose that H # 1. Since f and ¢ are coprime,
we may assume that H does not divide f. By the division algorithm we have

f=Hq+r
for some ¢ and r with degr < deg H = deg h. Hence
p’f=hqg+pr

Then p°r € (f, g) and deg(p°r) < deg(h) which contradicts the minimality of deg(h). Hence
H =1 and h = p®. Without loss of generality, we may assume that f is coprime to p and
is distinguished. Indeed, if this were not the case then we could just use g or divide by a
unit. Since h = p® and f and g are coprime, it follows that (p°, f) C (f, g). By the division
algorithm, any element of A is congruent modulo f to a polynomial of degree less than
deg(f). There are only finitely many such polynomials modulo p* whence (p®, f) has finite
index in A. Hence so does (f,g) as claimed. O

Lemma 3.8. Let f,g € A be coprime. Then

1. The map

¢ N/ (fg) = A (f) ®A/(9)
(2] g = ([P, [Plg)

s an injection with finite cokernel.

2. There exists an injective map

b A(f)e A/ (g) = A/(f9)

with finite cokernel.



Proof.

Part 1: Suppose that ¢([h]sy) = 0. Then h =0 (mod f) and h =0 (mod g) so that f | h
and ¢ | h. But f and g are coprime and A is a UFD and so fg | h whence [h] = 0.

To see that this map has finite cokernel, we first observe that by Lemma we can
choose finitely many representatives rq,...,r, for A/(f, g). We claim that

{ (0], [rilg) [T <i<n}

is a set of coset representatives for coker ¢. To this end, fix an equivalence class m € coker ¢.
Suppose that m = ([a]s,[b],) € A/(f) & A/(g). We need to show that there exists some
1 < i < n such that

([a], [blg) ~ (01, [rilg) <= (laly;[b=rily) ~0 <= (la]y, [b—ri]y) € imo

Now, a — b = —rg (mod (f,g)) for some 1 < k < n. Hence a — b+ r; € (f,g) and so
a—b+r,=Af+ Bg for some A, B € A. Define

c=a—Af=b—1r,+ Bg

Then ¢([c]) = ([a]s, [b — 7%],) so taking ¢ = k works.

Part 2: Denote LetM =im¢ and N = A/(f)®A/(g). By Part 1, we have that A/(fg) = M
and M C N. Let P € A be a distinguished polynomial that is coprime to fg. Since M has
finite index in N, the Pigeohole principle implies that

(P")(z,y) = (P’)(x,y) (mod M)

for some 7 < j. Observe that 1 — P’~% € A* so the above congruence then implies that
(P)(x,y) € N. Hence for large enough 4, say k, we have that PN C M. We claim that
1) = P* is the desired injection with finite cokernel. Indeed, suppose that 1 (z,y) = 0. Then
f| Pkx and g | P*y. But ged(P*, fg) =1 and so f | z and g | y whence (x,y) = 0. Hence
1 is injective. Now, (P*, fg) has finite index in A and thus its image has finite index in
A/(fg). But (P*, fg) C im which implies that coker 1 is finite.

O

Proposition 3.9. Let p be a non-zero prime ideal of A. Then p is one of (p), (p,T), or
(P(T)) for any irreducible distinguished polymomial. Moreover, (p,T) is the unique maximal
ideal of A and so A is a Noetherian local ring.

Proof. Since A is a UFD with irreducibles p, P(T') and T, it follows that the ideals that
they are generate are prime ideals. Let h € p be of minimal degree. Then by the p-adic
Weierstrass preparation theorem, h = p*H for some s > 0 and H either 1 or a distinguished
polynomial. Since p is prime, either p € p or H € p. If 1 # H then H must be irreducible by
minimality of its degree. Hence in either case, (f) C p where f is either p or an irreducible
distinguished polynomial. If (f) = p then p is one of the listed prime ideals and we are
done.

Next, suppose that p # (f). Then there exists g € p such that f { g. Now, f is irreducible
so, necessarily, f and g are coprime. Then (f, g) has finite index in A by Lemma . But
(f,g) C p so that p has finite index in A. Observe that A/p is a finite Z,-module and so
pV € p for large enough N. Since p is prime we then have that p € p. Moreover, T% = TY
(mod p) for some i < j. Since 1 — 77" € A* it then follows that 7% € p whence T' € p. We
thus see that (p,T') C p. But A/(p,T) = F, which is a field and so (p,7") is maximal and

(p,T) =p. 0
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Lemma 3.10. Let f € A such that f ¢ A*. Then A/(f) is infinite.

Proof. If f = 0 then we are done so assume that f # 0. We may assume, without loss of
generality, that f = p or f is a distinguished polynomial. If f = p then A/(f) = F,[[T]]
which is infinite.

If f is a distinguished polynomial, fix ¢ € A. By the division algorithm, we can find
unique ¢ € Z,[[T]] such that ¢ = fqg+r. Then g = r (mod (f)). Since r is unique and
depends on g, we see that A/(f) has the same cardinalty as A. In particular, it is an infinite
subring of Z,[T. O

Definition 3.11. Let M and M’ be A-modules. We say that M and M’ are pseudo-
isomorphic and write M ~ M’ if there exists a homomorphism M — M’ with finite kernel
and cokernel.

Proposition 3.12. Let f,g € A be coprime. Then
A(fg)~N/()eA/(g),  A(f)@A/(g)~AN/(fg)
Proof. This is a restatement of Lemma . O]

We aim to prove the following Theorem:

Theorem 3.13. Let M be a finitely generated A-module. Then

M~AN& (EB A/(Iﬂ’”)) ® (EB A/(fj(T)’”j)>

for some r,s,t,n;,m; € Z and f; irreducible distinguished polynomials.

Suppose M is a finitely generated A-module so that we have an exact sequence

A" ¢>M s 0

for some n > 1. Then the images of the generators of A™ under ¢ are generators for M,
label them wq,...,u,. Let R = ker ¢. Note that the elements of R correspond to relations

A1u1++)\nun:()

with \; € A. Since A is Noetherian, R is finitely generated and so M is a finitely presented
A-module. That is to say, we have an exact sequence

A B A ¢>M > 0

where R is now the so-called presentation matrix of M. We have the following standard row
and column operations which correspond to changing the generators of R and M:

Operation A. We may permute the rows or columns of R.

Operation B. We may add a multiple of a row (respectively column) to another row (re-
spectively column). A special case of this operation is the following. If N = g\ + r then we
can perform the operation

11



Operation C. We may multiply any row or column by an element of A*.

Since we are working up to pseudo-isomorphism, we also have the following operations
for which we provide a proof that they change the generators of R:

Operation 1. If R contains a row (A1, pAa, ..., pA,) with p ¥ A\y. Then we may change R
to the matriz R’ whose first row is (A1, Az, ..., A\n) and the remaining rows are the rows of
R with the first element multiplied by p:

A1 pAy - A1 A
QG - — | pa1 Qg
B B2 - pB1 Do
As a special case, if o = -+ =\, = 0 then we may multiply oy, B1,--- by an arbitrary

power of p.

Proof. In R we have the relation
Artr + p(Agty 4 -+ Ayuy) = 0
Define M’ to be the A-module M @&vA where v € M is a new generator modulo the relations
(—u1,pv) =0, (Aaug + -+ 4+ A\ytn, \yv) =0

Let ¢ : M — M’ be the natural map. We claim that ¢ is a pseudo-isomorphism. Suppose
that ¢(m) = 0. Then (m,0) lies in the module of relations of M and so

(m,0) = a(—uqy, pv) + b(Agug + - - - + Ay, A1v)

for some a,b € A. Hence ap = —b\;. Since p { Ay, it follows that p | b. Similarly, A; | a.
Then in the M-component we have

m = —i()\lul) — ip(x\gUg + 4 Ay
A1 A
a
——20)=0
e

so ¢ is injective. Now consider the elements pv and A\v in M’. It is clear that these
elements lie in the image of M under ¢. Then the ideal (p, ;) annihilates M'/¢p(M).
M'/¢(M) therefore has the natural structure of a finitely-generated A/(p, A;)-module. Since
ged(p, A1) = 1, the ideal (p, A1) has finite index in A. Tt then follows that M'/¢(M) is finite.
Hence ¢ is a pseudo-isomorphism as claimed.

The module M’ has generators v, us,...,u, and any relation au; + -+ + ayu, = 0
becomes paiv + agtig + - -+ + a,u, = 0 so that the first column of the presentation matrix
is multiplied by p. We furthermore have the relation A\jv + Agus + ... A\yu,, = 0 so the
presentation matrix takes the claimed form. O

Operation 2. If all the elements in the first column of R are divisible by p* for some k > 1
and if there is a row (p*A1, ..., p*\,) such that pt A1 then we may change to the matriz R’
which is the same as R except that (p"\y, ..., p"\,) is replaced by (M1, ..., \n):

<pk)\1 pk>\2 )_)( A A )
pron Q2 prar Qg

12



Proof. Define M’ to be the A-module M = vA where v € M is a new generator modulo the
relations

(pPur, —p"v) =0,  (Agug + -+ + Ap, \1v) = 0

Let ¢ : M — M’ be the natural map. As before, the fact that p 4 A\; implies that ¢ is
injective. The fact that (p¥, \;) annihilates M’/¢(M) implies that ¢ has finite cokernel so
that ¢ is a pseudo-isomorphism. Since we have the relation p*(u; — v) = 0 in M’ and the
fact that p* divides every element of the first column of R, it follows that

M = M"& (u; — v)A

where M" is the A-module generated by v, us, ..., u, and the relations (A;,...,\,) and R.
Observe that, since u; — v is killed by p*, we have that (u; — v)A = A/(p*) which is in the
form given in the Theorem. We are thus free to just work with M” which clearly has R’ as
its presentation matrix. O

Operation 3. If R contains a row (p*\y,...,p"\,) and for some X\ with pt X\ we have that
(A1, ..., AN,) is also a relation then we may change R to R' where R' is the same as R
except that (p"\y, ..., p"\,) is replaced by (A1, ..., \n).

Proof. Define the module M’ = M /(Auy +- -+ M\u,)A and let ¢ : M — M’ be the natural
surjection. The kernel of ¢ is clearly annihilated by the ideal (p*, \) of A and so ker ¢ has
the natural structure of a A/(p*, \)-module. But A/(p*,\) is finite and ker ¢ is finitely
generated since M is and so ker ¢ is finite and M is pseudo-isomorphic to M. O

Definition 3.14. Let M be a finitely generated A-module and R its relation matrix. We
call the operations A, B, (C,1,2,3 on R admissible.

Given 0 # f € A, let f(T) = p*P(T)U(T) be its Weierstrasas factorisation for some
wu >0, P(T) distinguished and U(T') € A*. We define the Weierstrass degree of f to be

I e’ if >0
deg,,(f) _{ deg P(T) if p=0

We then define
deg(k)(R) = min degw(a;j)

for i,j > k where (a;;) ranges over all relation matrices obtained from R via admissible
operations which leave the first (k — 1) rows unchanged.
Finally, if R is in the form

A11 0 0 0

D._.; 0
0 A—ip—1 O 0|~ A B
* * % *
* * * *

with each A\ distinguished and
deg M = deg,, ex = deg® (R)

for 1 <k <r —1 then we say that R is in (r — 1)-form.

13



Lemma 3.15. Let M be a finitely generated A-module with presentation matrix R. Suppose
that R is in (r — 1)-form and B # 0. Then R may be transformed via admissible operations
into R' which is in r-normal form and has the same first (r — 1) diagonal elements as R.

Proof. By the special case of Operation 1, we can assume that for any N we have pV | \; ;
for all i > r and j < r — 1 so that p" | A. Choose an N large enough so that p"¥ { B. By
Operation 2, we may knock off enough powers of p from the matrix formed by A and B so
that p { B. Furthermore, we may assume that B contains an entry \;; such that

deg,, \i; = deg™ (R) < o0

If \ij = P(T)U(T) for some unit U € A*, we may simply multiply the j column by \;;
so we can ssume that );; is distinguished. Indeed, the first r — 1 rows have 0 in the j™
column so they do not change. Operation A allows us to assume that \;; = A,,.. This is
again because of the 0 entries.

By the division algorithm and the special case of B, we may assume that \,; is a poly-
nomial satisfying

deg \,; < deg A,
when j # r and
deg >‘7“j < deg )‘jj

for j < r. But A, has minimal Weierstrass degree in B so we must have that p | A,; for
some j > r. By applying Operation 1, we can assume that pV | \,; for some j < r and large
N. Now suppose that A,; # 0 for some j > r. Operation 1 allows us to remove the power
of p from A,;, leaving the Os above it unchanged. Then

deg, Aj = deg A\,; < deg A, = deg,, A\,

which is a contradiction. Hence \j, = 0 for all j > r.
Similarly, suppose that A,; # 0 for some j < r. Using Operation 1, we can assume that
p1 Ar;. But then

deg, Ar; < deg\,; < deg\;; = deg,, Aj;

Since deg,, \j; = degl )(R), this contradicts the minimality of deg,, A;; so we must have that
Arj = 0 for all j < r. This proves the claim. m

Theorem 3.16. Let M be a finitely generated A-module. Then

s t
i~ o (@ ) o (@)
i=1 Jj=1
for some r,s,t,n;,m; € Z and f; irreducible distinguished polynomials.

Proof. Let R be the presentation matrix of M. Then, in the notation of Lemma [3.15] we
have that » = 1. We can repeatedly apply Lemma to bring R into the form

14



where each Ajj is distinguished and deg\;; = deg(j)(R) for 7 < r. Applying the division
algorithm, we may assume that \;; are polynomial and

deg )\ij < deg )\jj

for ¢ # j. Now suppose that \;; # 0 for ¢ # j. Since deg, A;; is minimal, we must have
that p | A;;. We thus have a non-zero relation (X1, ..., A, 0,...,0) divisible by p. Let
A= A1... Ay Then pt A since the \;; are distinguished and

1 1
(A—Aﬂ, AT N0, ,0)
p p

is also a relation since A;ju; = 0. Operation 3 allows us to assume that there exists some j
for which p 1 A;;. Hence

deg,, \ij < deg\j; < deg);; = deg(j)(R)

which is a contradiction. Hence A;; = 0 for all ¢, 7 with ¢ # j and so A = 0. Hence in terms
of A-modules we have

AAn) @A/ (N\y) DA™

Adding in the factors A/(p*) from Operation 2 yields the form desired except that the \;
are not necessarily irreducible. But applying Lemma [3] yields the desired result. O]

4 Iwasawa’s Class Number Formula

Definition 4.1. Let G be a topological group. We say that an element v € GG is a topo-
logical generator of GG if the subgroup generated by v is dense in G.

Example 4.2. Consider the additive group of Z,. Then 1 € Z, is a topological generator
of Z,. Indeed, the subgroup generated by 1 which is dense in Z with respect to the p-adic
topology of Z,

Definition 4.3. Let I' be a profinite group isomorphic to Z, and « a topological generator

of I'. Let I'”" = (4*") be the unique closed subgroup of index p™ in I'. then I',, = ['/T?" is a
cyclic group of order p" with generator « + I'"" and we have an isomorphism

Zy[Tn] = Zy[T)/(L+T)" = 1)
] = [+ T]

Moreover, for 0 < n < m, the natural map I',, — I',, induces a natural map Z,[I',,] —
Zy|I'y]. We then define the Iwasawa algebra to be

Z,|[T]] = §m Z, [T, ] = §m Z,[T] /(1 + T)"" — 1)

Theorem 4.4. We have a topological isomorphism

A —Z,[I]
T—~vy—1

15



Proof. Write w,(T) = (1 +T)?" — 1. Then w, is distinguished and

Wn+t1 (T)

=1+ V4 4 A4+TV +1e(p,T
won(T) (1+T) T+ (AT +1e(pT)

By induction on n, it then follows that w,(T) € (p,T)"™. Now, the division algorithm
implies that we have a continuous surjection

A = Af(wn) = Zy[T]/(wn) = Zp[T]

which is compatible with the transition maps Z,[I',,] — Z,[I',]. By the universal property
of the inverse limit, this continuous map factors through the continuous map

e: N — Z,[[1]
T—~y—1

Observe that

kere C ﬂ(wn) C ﬂ(p, )" =0

by Krull’s intersection theorem. Hence ¢ is injective. Now, A and Z,[[I']] are both profinite.
In particular, A is compact and Z,[[I']] is Hausdorff. Since € is continuous, ime is compact
in Z,[[I']] and is thus closed as a compact subspace of a Hausdorff space. On the other hand,
im € is dense in Z,[[I']] since it is surjective on each finite level of the inverse system. It then
follows that ¢ is surjective.

Thus far, we have shown that ¢ is an isomorphism of groups and is continuous. It remains
to show that ¢ is a homeomorphism. But this immediate since it is a continuous bijection
from a compact space to a Hausdorff space. O

We want to prove the following Theorem:

Theorem 4.5. Let Ko/K be a Z,-extension with intermediate fields K,,. Let p* be the
exact power of p dividing the class number of K,,. Then there are integers A\ > 0, > 0
called the Twasawa invariants of K.,/K and an integer v (all independently of n) and
an integer ng such that

en =An+ up" +v
for all m > nyg.

Proof. Denote I' = Gal(K/K) = Z, and fix a topological generator o of I'. Denote by L,
the maximal unramified abelian p-extension of K,. By class field theory, L, is a subfield
of the Hilbert class field of K,, whose Galois group over K, is the ideal class group of K.
Then Gal(L,/K,) = A, where A, is the p-Sylow subgroup of the ideal class group of K.

Define L = |J,~; L, and X = Gal(L/K,). Since each L, is Galois over K, and maximal,
it follows that L is Galois over K. Denote G = Gal(L/K) so that we have the following
diagram of Galois extensions:

L
>
K o
G/X:F‘
K



]

The proof shall involve the following ideas. We shall give X the stucture of a I'-module
so that X is a A-module. We will then show that X is finitely generated as a A-module and
has A-torsion. By the structure theorem, X will thus be pseudo-isomorphic to a direct sum
of modules of the form A/(p*) and A/(P(T)*). These modules are easy to work with at the
n'" level. We can then transfer the result back to X across the pseudo-isomorphism.

We first assume that all primes in K,,/K which ramify in fact ramify totally. This can
be achieved by applying Lemma to K to obtain an intermediate extension K,,/K of
K /K satisfying the desired properties so we may replace K by K,,.

Under this assumption, it follows that K,,.1 N L, = K, for all n. Hence

Gal(Lp K1 /Ky) 22 Gal(Ly /Ky) x Gal(K 1 /K)
Quotienting both sides by Gal(L,/K,) we get that
Gal(Lp K1/ Kps1) 2 Gal(L, / K;)

This is a quotient of X, 1 = Gal(L,41/Ku41) since L, K1 € Lyii. We thus have a
natural surjective map X,,; — X, which corresponds to the norm map on ideal class
groups A, 1 — A,. Observe that X,, = Gal(L, K /K) so that

lim X, & Gal <(U LnKOO> /KOO> = Gal(L/Ky) =X

n>1

Now since X,, is an abelian p-group, it has the natural structure of a Z,-module. Let
I, =T/ 2 Gal(K,/K). Given v € I',,, let ¥ € Gal(L,/K) be an extension of 7y to L.
Define a I',,-action on X,, by setting

& = Fay !

This action is well-defined since any other extension of v to L,, differs from 7 by an element
of X,, = Gal(L,/K,). Hence X, is a Z,[I',]-module. Passing to the limit gives X the
structure of a (Z,[[I']] = A)-module. Explicitly, the action of Z,[[G]] on X is

V= Fay !
where 7 is an extension of v € I" to G.

Now denote the primes that ramify in K /K as py,...,ps. For each i, let B; be a
prime of L lying over p; and I; the inertia subgroup of G relative to ;. Since L/K is
unramified, it follows that I; N X = 1 for all 7. Hence the inclusion I; — G induces an
injective homomorphism I; — G/X =T for all i. But K /K is totally ramified at p; so, in
fact, this homomorphism is surjective and we thus have isomorphisms I' = I; for each 7. In
other words, G = I, X = X, for all 1.

Now let g; € I; map to 79 € I'. Then o; is a topological generator of I;. Moreover since
I; C X1, there exists a; € X such that o; = a;0,.

Lemma 4.6. Let G’ be the closure of the commutator subgroup of G. Then

G'=X"1=TX
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Proof. Since we have an isomorpism [' = [; and also an inclusion [; C G, we can lift vy € I’
to the corresponding element of /7 in order to define the action of I' on X. To ease notation,
we identify I with I; and write the action as

¥ =yaxy !

for x € X and v € I'. Now fix a,b € G and write a = ax, b = Sy for some o, € I' and
x,y € X. Then

aba 07! = azfyxta "y g
— 2%aByr oy g
= 2%(yz~ ) (aB)ay ' B
= 2%(yz =) (y )’ (T is abelian)
— xax—aﬁyaﬂy—ﬁ

_ 4o(1-8) (a=1)8

Y

Now set S =1 and o = vy. Then y°~! € G’ and so X! C G’. Now suppose that 3 is
arbitrary. Then there exists ¢ € Z, such that 8 = ~§. Then

n

o
1—5:1—78:1—(1+T)C:1—Z(C>T”6TA
n=0
Now since 79 — 1 = T, it follows that (2®)'~% € X~! By a similar argument, (y”)1= €
X~ Now, X is compact Hausdorff and X7°~! = T'X is the image of the compact space

X under the continuous map = — Tz and so X! is closed in X. It then follows that
G' C Xt O
Lemma 4.7. Let Yy be the Z,-module of X generated by the set {a; |2 <i<s} and by
Xl =TX. SetY, =v,Yy where
n_ 1-T)y" —1
tpn=14%+%+ -+ 1:%

Then X, = X/Y,, for alln € N.
Proof. First suppose that n = 0. We have that K C Ly C L. Recall that Lg is the maximal

unramified p-extension of K. Since L/K is a p-extension, Ly/K is the maximal unramified
abelian subextension of L /K. Hence Gal(L/Ly) is the closed subgroup of G generated by G’
and all the inertia groups I;. In other words, Gal(L/Ly) is the closure of the group generated
by X071 I} and {a; | 2 <i < s}. Then

= X/(X0"1 ag, ... a,)

= X/Y,

Now, for the general case, replace K with K, and ~, with yg". Then we may replace o; with
o”". Now,

k+1 2 k —k__k+1

okl = = alalaiaflo%aial_ 00 T oy

i (aio)
1+o1+02+-+of
=a, 1107 1071f+1
n n . 1. n
Hence o7 = (v,a;)0? so a; is replaced by v,a;. Furthermore, X1 is replaced by (7] —
1)X = v, X1 Hence Y, becomes v,Y,, as desired. O
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Lemma 4.8 (Nakayama). Let X be a compact Hasudorff A-module. Then
1. If (p,T)X = X then X =0

2. If X/(p, T)X is finite then X is finitely generated by a set of representatives of X/(p, T)X
and has A-torsion.

Proof. We first claim that

(. T)"X =0

n>1

To this end, fix an open neighbourhood U of 0 in X. Since the action of A on X is continuous
and (p,T)" — 0, it follows that for each € X, there exists an open neighbourhood U, of
x and an integer n(x) such that

(p,T)"U, CU

Now, X is compact so the open cover {U, } .y of X admits a finite subcover. It then
follows that there must exist some integer n and an open neighbourhood U, of x such that
(p, T)"U, CU. Now, (p,T)X = X implies that (p,7)"X = X and so X C U for all U. But
X is Hausdorff so X = 0.

Now assume that x1,...,z, are representatives of X/(p,T)X. Let Y = Azy +... Az, C
X. Then Y is compact since it is the image of A” under the natural map. Since X is
Hausdorff, Y is thus closed. It then follows that X/Y is compact Hausdorff. By Part 1, we
then see that X/Y = 0 whence X =Y.

To see that X is torsion, let p* be the exponent of X/(p, T)X so that pfz; € TX for all
1 <7 <n. Write

pkﬂfi = Z Taij (T)LU]
j=1
Let A = (p*d;; — Ta;;(T));; and denote g(A) = det A € A. Then, clearly, g(A)x; = 0 for all
1 <i<nbut g(0) =p" #£0. O

Lemma 4.9. X = Gal(L/K) is a finitely generated torsion A-module.

Proof. Observe that v; € (p,T) and so Yy/(p,T)Y, is a quotient of Yy/v1Yy = Yy/Y) C
X/Y: = X; which is finite. Hence Yy/(p,T)Yy is finite and is thus a finitely generated
torsion A-module by Nakayama’s Lemma. But X/Y; = X, which is finite so X must be
finitely generated and torsion too. O

We may now remove the assumption given above:

Proposition 4.10. Let K /K be a Z,-extension. Then X is a finitely generated A-module
and there exists e > 0 such that

X & X/ vpeYe

for all n > e where v, . = vy, /Ve.
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Proof. By Proposition , there exists e > 0 such that every prime of K, /K, that ramifies
in fact ramifies totally. Then X is a finitely generated Z,-module by the previous Lemmata.
Now if n > e we have

’Un e 2pe n__ e
=—==14 +% +-+nw *

e

Une

This replaces v,, for K, since yge generates Gal(K/K.). Now let Y, be the Y, provided by
Lemma . Then Y, = v, .Y, and X,, = X/Y,, for all n > e as claimed. O

Proposition 4.11. Consider the finitely generated A-module

E=A@ (@ A/@’“”)) @ (@ A/(gj(T)))

where each g;(T') is distinguished. Let m = 3 k; and | = . degg;. If Efv, E is finite
for all n then r = 0 and there exists ng and c such that

|E/Un7eE| — pmpn+ln+c
for all n > ny.

Proof. Let V be a summand of E. We shall calculate V/v, .V for each possible value of E.
First suppose that V' = A. Since v, ¢ A*, it follows that A/(v,.) is infinite by Lemma
3.10l But this contradicts the hypothesis that E/v, E is finite for all n. Hence V' = A does
not occur as a summand.

Now suppose that V = A/(p*) for some k. Then

V/vaV =2 N (5, v,e)

Observe that if the quotient of two distinguished polynomials is again a polynomial then the
quotient is itself distinguished (or constant). Thus v, . is distinguished. The division algo-
rithm then implies that every element of A/(p”*,v,.) is uniquely represented by a polynomial
modulo p* of degree less than degv, . = p™ — p°. Hence

Vo V] = pH0" 07 = o se

for some constant c.
Now assume that V = A/(g(7T)) for some distinguished ¢(7"). Let d = degg. Then

T=pQ(T) (mod g)

From now on, let Q(T") be a placeholder for a polynomial whose exact form isn’t important.
If £ > d then

T" = pQ(T) (mod g)
So if p"™ > d we have
(1+T) =1+pQ(T)+ T
=14pQ(T) (mod g)

and thus

n+1

14+ T =1+p*Q(T) (mod g)
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If we denote P,(T) = (1+ T)P" — 1 then we have

n-+2 p— 1 n+1

((1+T) Fe A+ TP D) (TP 1)
=(1+-+1+p Q(T>> P, (T)
p(1 +pQ( ))Poia(T)  (mod g)

Foya(T) = (1+T)"

Now let € be a placeholder for an element of A*. Then we see that P, /P, acts as pe on
A/(g) for p™ > d. Now assume that ny > e such that p" > d. Then for all n > ny we have

Un+42,e o Un+2 o Pn+2

UnJrl,e Un+1 Pn+1

whence

n+2
Un+2,ev - (Un—i-l,ev) - pvn+1,ev
Pn+1

and so
V/oni2 V= [V/DV]- [pV/pvniacV|

Since ¢ is coprime to p, multiplication by p is an injective endomorphism of V' and so

PV /poni1eV] = [V/vni1 V]
On the other hand,

V/pV = A/(p,g) = A/ (p, T7)
so that |V/pV| = p?. By induction on n it then follows that

V/vne V| = p" 0DV o4,V
for n > ng + 1. Hence
V/v, V| = p™

for all n > ng + 1 and some constant c.
The Proposition then follows upon putting together each summand. O]

Corollary 4.12. Let K,/ K be a Z,-module so that X is a finitely generated A-module and
X, = X /v, Y, for some e > 0. Then

Y~ X ~ @A/(pk") @ EBA/(gj(T)) -

for some distinguished irreducible polynomials g;. Moreover, |E /v, E| is finite for all n and
there exist constants ng and ¢ such that for all n > ny + 1 we have

|E/Un’eE| — pmpn+ln+c

where m =3 k; and | =3, deg g;.
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Proof. We first observe that, since X, = X/Y, is finite, and Y, C X, we have a pseudo-
isomorphism Y, ~ X. Moreover, X is pseudo-isomorphic to a A-module of the form

Ao @ A (") @ @A/(gj(T))

by the Structure Theorem for Finitely Generated A-modules. Now, Lemma [3.10] implies
that A/(v,,.) is infinite. Since Y. /v, .Y, this is not possible. Hence A cannot occur in the
direct summand decomposition above. It remains to show that each |E /v, (E| is finite. The
summands of the form A/(p*) were shown to always be finite in the previous proof. The
only case we need to worry about is whether or not A/(gj, v, is finite. By Lemma [3.7
this is certainly finite since ¢g; and v, are coprime. The rest of the Corollary then follows
immediately from the Proposition. O

Corollary 4.13. Let E be a finitely generated A-module of the form

E=A"& (@ A/(p’“")> @ (@ A/(gj(T)))

If m =" k; then m =0 if and only if the p-rank of E /v, E is bounded as n — oo.

Proof. Recall that the p-rank of a finite abelian group A is the number of direct summands
of p-power order of A. By tensoring with Z/pZ, the p-rank is equal to dimgz,z(A/pA). With
this in mind, we have

E/<pa Un,e>E = @A/(p, Un,e) D @A/(p, Un,eagj)

Now, v, ¢ is a distinguished polynomial of degree p" — p°® so if degv, . > maxdeg g; then we
have

S t
B/ E = DA T ) & DA, T5%)
=1 j=1
o (Z/pz)s(p"fpem
where [ = Zj deg g;. This is bounded as n — oo if and only if s = 0 if and only if m = 0. [

Lemma 4.14. Let Y and E be A-modules such that Y ~ E and Y/v, .Y is finite for all
n > e. Then there exist constants ¢ and ng such that

|Y/Un7ey| = pC|E/Un,6E|
for all n > ny.

Proof. We have a commutative diagram

).<

0 —— vy > Y/v, Y —— 0

ldﬁl l@ﬁ l¢>£§

0 —— vyl » E/v,E —— 0

~
~
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We first claim that we have the following inequalities:
1. |ker ¢l | < |ker ¢|
2. | coker ¢ | < |coker ¢
3. | coker ¢!| < |coker ¢
4. |ker ¢!'| < |ker ¢|- |coker ¢|

Inequality 1 is immediate. Inequality 2 follows upon multiplying the representatives of
coker ¢ by vy, .. Inequality 3 follows from the fact that representatives of coker ¢ give repre-
sentatives of coker ¢”. To prove inequality 4, first note that the Snake Lemma gives us an
exact sequence

0 —— ker ¢!, ker ¢ ker ¢!/ —— coker ¢!, —— coker ¢ —— coker ¢!/ —— 0

so that |ker ¢/ | < |ker ¢| - | coker ¢/, | < |ker ¢| - | coker ¢|.

Now let m > n > 0. We claim that we have the following inequalities:
a. |ker ¢, | > | ker ¢},

b. |coker ¢/, | > | coker ¢! |

c. | coker ¢! | < |coker ¢ |

To prove a, first observe that vy, . = (Um.e/Une)Une and so v, Y C v, .Y whence ker ¢/, C
ker ¢,. To prove b, fix v, .y € vy E. Let z € v, ,E be a representative of [v,, .y| € coker ¢/,.
Then v,y — 2 = ¢(vy,x) for some x € Y. Multiplying by vy, e/vn We get

bt — (m) 2 = (0et) = B (0 ()

Un.e

SO Upe/Un, times representatives of coker ¢!, gives representatives of coker ¢! whence b. ¢
is immediate from the fact that v, £ C v, E.

Combining all these inequalities, we see that the orders of ker ¢! , coker ¢! and coker ¢!’
are constant for all n > ng for some ng. From the above exact sequence, we have

| ker ¢/,| - | ker ¢| - | ker ¢ | = | coker ¢),| - | coker | - | coker ¢, |
so that |ker ¢/| is also constant for all n > ng. Now, the exact sequence
0 — ker¢)! — Y/v, .Y —— E/v, . E —— coker ¢!/ —— 0

implies that |Y/v, Y| = |E/v,E| - | ker @] - | coker |1 = p°|E /v, E| for some constant
c and all n > ny. O

We cam now finally prove the original Theorem:

Theorem 4.15. Let Ko/K be a Z,-extension with intermediate fields K,,. Let p* be the
exact power of p dividing the class number of K,,. Then there are integers A\ > 0, > 0

called the Twasawa invariants of K../K and v (independently of n) and an integer ng
such that

en =An+ up" +v

for alln > nyg.

23



Proof. Let e > 0 be such that all primes that ramify in K., /K, ramify totally. Then we
have that X is a finitely generated A-module and X,, = X/v, Y.. Since X, = X/Y, is finite
(and a power of p), we have that

| Xon| = |X/Ye] - Y/ 0n, Y] = | X/Ye] - p° - |Efvn | = p o+

for all n > ny for some constants ng, A, u and v. O

5 The 1-dimensional Main Conjectures

Definition 5.1. Let M be a finitely generated torsion A-module so that
s t
M~ @A/ @ @A/ (1))
i=1 j=1

for some irreducible distinguished polynomials f;. We define the characteristic polyno-
mial of M to be

s t
char(M) = Hpki X Hfjgj
i=1 j=1

Theorem 5.2 (Mazur-Wiles). Let Qo be the cyclotomic Z,-extension of Q. Let Fo, =
Q(ppe) be the extension of Q generated by all p-power roots of unity, A = Gal(Q(u,)/Q)
and denote I' = Z,,. Recall that we have an isomorphism

G = Gal(Fy/Q) 2 A x Gal(Qu/Q) = A x T

Let F,, = Q(ppn). Denote by E,, the group of global units of F,, and C,, the subgroup of E,
consisting of the cyclotomic units. These are both Gal(F, /K)-modules. We recall that the

closure of B, in Hp/p Ur,, 1s a finitely generated Z,-module and thus so is the corresponding
closure of C,,. Define

Ey =

[—

N N

3
m
3
m

with respect to the norm maps. Then E, and C are finitely generated Z,[[Gal(Fy/Q)]] =
[[[A]] = A[A]-modules.

Let A,, be the p-part of the ideal class group of F, and denote X, = l.ﬂlneN A, with
respect to the norm maps.

Now fix a character x : A — Zy. Given a A[A]-module M, let MX = e, M be the
x-tsotypical part of M.

From previous results, we know that X is a finitely generated torsion A-module whence

so is XX. It can be shown that (Ew/Cx)X is also a finitely generated torsion A-module.
Then

char(XX) = char((Fs /Cs)X)

Theorem 5.3 (Rubin). Let K be an imaginary quadratic fieled and p a rational prime that
splits completely into distinct primes p and p* in K. Let K, be the unique Z,-extension of
K which is ramified only at p. Let Fy be an abelian extension of K such that [Fy : K] is
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prime to p and such that Fy contains the Hilbert class field of K. Then p s totally ramified
in Ko/K and Koo N Fy = K. Let F, = FyKy. Denote

A = Gal(Fy/Ks) = Gal(Fy/K)
I' = Gal(Kw/K) = Gal(F / Fp)

so that Gal(F/K) = AXT'. Let F,, be the extension of Fy of degree p™ in Fu,. If we replace
C, in the above Theorem with the subgroup of E, consisting of the elliptic units then we
again have finitely generated A-modules X, Coo, Eno.

The images of a character x : A — QT; lie entirely in the ring of integers of an n-
dimensional exstension of Q, in which case we say that dimy = n. For simplicity, we
assume that dimy = 1 but the main conjecture in this case can be formulated perfectly
analogously for arbitary dimensions.

The rest of the statements of the previous Theorem then follow through immediately and
we get

char(XX) = char((Ew/Cx)X)
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