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Chapter 1

Topological Spaces and
Continuous Functions

1.1 Topological Spaces

Definition 1.1.1. A is open if Vo € A,Je > 0 such that(z —e,x +¢) C A

Proposition 1.1.2. Let 7 = {A CR| A is open}. Then 7 satisfies the fol-
lowing properties:

1. g, Rer
2. T 1s closed to arbitrary unions
VINVAUtic; €7, (Ui, Us) €7
3. T 1s closed to taking finite intersections
VU, Us,...,U, €T (U; open), (N, Ui) € T is open

Proof. We prove parts 2 and 3:

Part 2: LetU=\,., Ui, v €U

icl

r €U = di e I such that x € U;
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de > 0 such that (x —e,x+¢) CU;, CU

Since x € U is arbitrary = U is open
Part 3: Let U=\, U, xze€U

Vi<n,x €U
Vi,3e; > 0 such that (z —eg;, 2 +¢;) C U;

Take € = min;<,{g;} > 0. Then Vi <n,(x —e,x + ¢)
Cx—c,rv+e&)CU

— (r—¢e,x4+¢) CU = U isopen
0

Definition 1.1.3. Let X be any set (finite or infinite). A topology T on X is
a collection of subsets of X (1 C 2% ) satisfying the following axioms:

e g Rer
o VIV {Utic; €7, Ui Ui €7
e VnVUy,....U,eT, N UieT
Remark.
e FEach element of T is a subset of X
o We say that a set U € T is open (relatively to 7)
o A closed set is the complement of an open set i.e C = X\U, U € T

Example 1.1.4. Consider X = {a,b, c}.
A topology on X is 7 = {@, X, {a,b}}. The closed sets are &, X, {c}.
Another topology on X is7 = {@, X,{a,b},{c}}. The closed sets are &, X, {a, b}, {c}.

T ={2, X, {a,b},{b},{c}} is not a topology as it violates the second axiom.



CHAPTER 1. TOPOLOGICAL SPACES AND CONTINUOUS FUNCTIONS3

Example 1.1.5. Consider X = R and 7 = {open in the usual sense} then
T is called the standard topology on R.

Example 1.1.6. Let X be an arbitrary set. Then we can define the following
two topologies on X:

o 1 = {9, X} - trivial topology
o 7, =2X={A|AC X} - discrete topology

Example 1.1.7. Consider X = R and 7 = {(a,b) | a < b}. Then T satisfies
the first and third azioms but violates the second. Indeed, consider U; =

(1,2),U2 = (374).U1,U2 €7 but U, U U, ¢ T.

Proposition 1.1.8. Let X be an arbitrary set. Consider 7y = {A C X | X\A is finite} U
{@}. Then T is a topology on X and is called the finite complement topol-
ogy on X.

Proof. @, X € 1y is trivial.

Let {Ui}iel g Tf

IfVi, Uy =@ then ., Ui = @ € 74

Otherwise, X\U = X\(U;c; Ui) = Nicy(X\Ui) € X\U; = X\U is finite
— Uery

Now consider Uy, ..., U, € 7¢
X\U = U, (X\U;) is a finite union of finite sets = X\U is finite
— U ey O

Definition 1.1.9. Let X be an arbitrary set and 7,7’ two topologies defined
on X. We say that 7' is finer than T if T C 7' (T is coarser than 7').
If either T is finer or coarser than 7' then we say that 7,7 are comparable.

Proposition 1.1.10. Consider X = R. Let T be the standard topology on R
and 7y the finite complement topology on R. Then T is finer than ;.

Proof. We need to show that 74 C 7.
7 = {U C R|R\U = {finite or R}}

Let U € 7p then U = {@ or R\{z1,...,z,}}
If U =@ then U € 7 so suppose U # &
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Then R\{z1,...,2,} € 7 as we can always find points with a small enough
neighbourhood in R such that the points are open.

— 17 CT

In fact, 74 C 7 (7 is strictly finer than 74 e.g (0,1) € 7\7y) O

1.2 Topology Bases

Definition 1.2.1. Let X be a set. A topology basis on X is a collection
B of subsets of X satisfying:

1. Vx € X,3B € B such that x € B
2. VBl,BQ GB,VI’G (BlﬂBg),ElBg GB‘xEBg g (BlﬂBQ)

(The finite intersection property By, By € B = By N By € B is stronger
than the second azxiom.)

Proposition 1.2.2. Let B be a topology basis. Then it generates the following
topology T =15 on X: For U C X, U € 7 if

Ve e U AB € B such that x € B C U

Proof.

1. We first show that @, X € 7

@ - satisfied trivially
X-VexeX,dBeBsuchthatr€e BCX — Xer

2. Now we show that for {U;}ic; € Bthen U = J,., U; €7
If x € U, 3ip such that x € U;,, U;,open
—> dB e Bsuchthat r € BCU,, CU

3. Finally we prove by induction that VU;,..., U, € 7, (., €T

By induction, we may assume that n=2.

Consider Uy, Uy € 7. We must show that U =U; NUy € 7. Let x € U.
Since Uj is open, we can excise an open neighbourhood around x in Uj.
The same can be said for Us,.
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Since x € Uy, U; € 7,4 B; € B such that + € B; C U;. By the same
argument on Us € 7,3 B, e BC Uy = x€ BiNB, CU NU,=U.
By the second basis axiom, we can choose a basis element Bj3 contain-
ing z such that Bs C By N Bs. Then x € Bs and Bs C Ui N Ug, SO
U, N U; belongs to 7.

We now assume that the fact is true for n — 1 and prove it for n.
Now:

Un---nU,=UN---NU,_1)NU,

By hypothesis, Uy N---NU,_; belongs to 7. By the result just proved,
the intersection of Uy N ---NU,_; and U, also belongs to 7.

O
Remark. 7 is the coarsest topology that makes all sets B € B open.
Example 1.2.3. Let X =R, B = {(a,b)|a < b,a,b € R}
1. Lete =1 thenVax,x € (x —e,x +¢) - first aziom satisfied

2. Consider (a,b), (c,d) € B then (a,b) N (c,d) ={@ or (a, B)} for some
a, B € R - second axion satisfied

This basis generates the standard topology on R.
Example 1.2.4. Let X = R? B = {B,(z) |z € R*,r > 0}
1. Let r =1 then B.(x) € B - first aziom satisified

2. The finite intersection property is not satisfied but we can always excise
a small open neighbourhood around a point in the intersection of two
open balls - second axion satisfied

This basis generates the standard topology on R.

Example 1.2.5. Let X = R? B = {open rectangles} = {(a,b)x(c,d)|a <
b,c < d}

1. Consider (z,y) € R? and take B = (x — 1,z + 1)x(y — 2,y + 2) then
B € B - first axiom satisfied
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2. Uy N Uy = {@ or open rectangle} - finite intersection property satisfied
This basis defines the same standard topology on R as the previous example.
Example 1.2.6. Let X be an arbitrary set, B={B, = {z} |z € X}

1. Vx e X,z € B, - first ariom satisfied

g ifrFy

Proposition 1.2.7. Let X and B be as in the previous example. Then the
topology by B on X is 15 = 2% (discrete topology).

2. B,NB, = { o} ifw=y - finite intersection property satisfied

Proof. Consider U C X. Vx € U,x € B, C U. Since we have B, € B, B
must generate the discrete topology. O]

Lemma 1.2.8. Let B be a topology basis on a set X and let T be the topology
generated by B. Then:

T:{UBZ-|Bi€B}

iel
In other words, T consists of arbitrary unions of basic neighbourhoods.

Proof. Let 7 = {U;c; Bi|Vi € I,B; € B}

We must prove that 7 = 7.
T CrVi,Bier = U

7 C 7' Suppose that U € 7. Then Vx € U,3 B, € B such that x € B, C U.
—= U = U,y Be-
= Uer.

B; € 7 by the second axiom of a topology.

O

Lemma 1.2.9. Let (X, 7) be a topological space and C a collection of open
sets in X. IfVU € 7,¥Vx € U,3C € C such that x € C C U. Then C is a

topology basis that generates T.
e C is not assumed to be a topology basis.

o All C' € C are assumed to be open.
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Proof. First, we show that C is a topology basis.

1. Let x € X, choose U = X. By assumption, 3C' € C such that x € C' C
U=X.

2. Consider C1,Cy € C,U = C1 N Cy € T is open.
Let x € U. By assumption, 3C5 € C such that x € C3 C U = C; N Cs.

Now, let 7" be the topology generated by C. We claim that 7 = 7'.

7 C17': Let U € 7. To check that U € 7/, we have to show that Va €
U,dC € C such that x € C' C U which is true by the condition of the lemma.
7" C 7: Let U € 7. By Lemma 1.2.8, we may write U = |J,.; C; for some

C; € C = U is open as a union of open sets.
L]

Example 1.2.10. Consider X = R equipped with the standard topology and
C={(a,b)] —c0<a<b<oo}.

We can see that this is a basis for the standard topology by taking x € (a,b) C
R. Now consider C' = (x —e,x +¢) C (a,b) for sufficiently small €. Indeed,
C € C so by Lemma 2, C is a basis for R equipped with the standard topology.

Example 1.2.11. Consider X = R? equipped with the standard topology and
B={B.(z)|z € R?r > 0}.

Indeed, B generates the standard topology on R? as given any U C R? open
and any r € U, we can always a squeeze an open ball of sufficiently small
radius r around x.

Now consider B' = {(a,b)x(c,d)| —o00o < a <b<o00,—00 < ¢ <d< o0}.
This set is also a topology basis for R? equipped with the standard topology.

Lemma 1.2.12. Let B, B’ be topology bases and T, 7" the corresponding topolo-
gies. The following are equivalent:

1. 7' is finer than T
2.VBeB,Vxe B,AB € B such thatx € B'C B

Remark. For topological equality (1 = 7'), we need to check the condition
both ways.
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Proof.

—: Assume7T C 7. Let Be B,r€e BBeTC7 = x € B € 7. Since
7' is generated by B', 3B’ € B',x € B’ C B.

<——: Assume 2. andlet U e 7TVzx e U, dBe B,z € BCU.
By 2. 3B’ € B' such that x € B C B
= UerT

1.3 Product topology on X xY

Proposition 1.3.1. Let X, Y be two topological spaces. The product topology
on X XY 1is the topology generated by:

B={UxV|Uis open in X, V is open in Y}
Proof.
1. Xopenin X, YopeninY = X xY e€B

2. Consider U x V,U’' x V' € B - first axiom satisfied
U xV)NnU xV")=UnU)x (VNV') € B - finite intersection
property satisfied

[]

Example 1.3.2. Consider X =Y = R both equipped with the standard
topology and X x Y = R2.

The product topology is generated by {Ix J|I,J open in R} and is equivalent
to the standard topology on R2.

Theorem 1.3.3. Let B be a topology basis on X and C a topology basis on
Y. Then the collection

D={BxC|BeB,Cec(C}
15 a basis for the product topology on X x Y.

Proof. We shall prove this theorem by invoking Lemma 2. We must show
that D consists of open sets of X XY and that V open W C X xY |V (x,y) €
W,3 D € D such that (z,y) € D C W.
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1. We have that VB € B, B is open in X and V,C' € C, C is open in Y
by the definition of a topology basis. Hence by the definition of the
product topology, we have that B x C' is open in the product topology.
Thus D consists of open sets of X x Y.

2. Consider W C X x Y open and (x,y) € W. By the definition of the
product topology, 3U C X,V C Y such that (z,y) € U xV C W.
Since B,C are topology bases for X and Y respectively, we have that
dBeB,re BCUanddCelC,yeCCV.

Now, (z,y) € Bx C C U x V C W and hence by Lemma 2, D is a
topology basis for the product topology on X x Y.

[]

1.4 Subspace topology

Definition 1.4.1. Let X be a space endowed with a topology 7. If Y is a
subset of X, the collection

v ={YNU|Ue€r}

15 a topology on Y, called the subspace topology. With this topology, Y is
called a subspace of X; its open sets consist of all intersections of open sets
of X with Y.

Lemma 1.4.2. Let (X,7) be a topological space and Y C X endowed with
the subspace topology 7v. If A€ v andY € 7 then A€ 7.

Proof. If A € 1y, we have that A =Y NU for some U € 7. Since Y € T,
we see that A =Y N U € 7 since the intersection of two open sets is again
open. ]

Lemma 1.4.3. If B is a basis for a topology on X and Y C X equipped with
the subspace topology Ty then the following collection

By = {BNY|BeB)

is a topology basis for Ty .
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Proof.

1. We show that By consists of open sets of Y.
Since B is a basis for the topology on X, we have that VB € B, B is
open in X. Now, by the definition of the subspace topology, BNY is
open in Y. Thus By consists of open sets of Y.

2. We now show that V By, By € By,Vx € B; N By,3 B3 € By such that
x € B3 Q B1 N BQ.
Consider By,By € By and x € By N By. We have that B = U1 NY
and By = Uy NY for some Uy, U C X open. Since B is a topology
basis for X, we can find basis elements A; C Uy, Ay C U, such that
x € A;NY, A NY. Hence we have that x € B3 = (A1NY)N(A;NY).

]

Example 1.4.4. Consider Y = [—1,1] C R and B = {(a,b)| —oc0 < a <
b < oo} a topology basis on R.
By Lemma 1.4.3, the following is a topology basis for Y:

By ={(a,b)| —1<a<b<1}U{(a,1]| —1<a<1}U{[-1,b)| —1<b< 1}

Theorem 1.4.5. Let X and Y be topological spaces, A C X, B CY sub-
spaces. Consider Taxp the product topology on A X B and Ty« p the subspace
topology on A X B C X X Y. Then Taxp = TaxBs-

Proof. Consider the set U x V, a general basis element for X x Y where U
is open in X and V is open in Y. We can see that (U x V)N (A x B) is the
general basis element for the subspace toplogy on A x B. Now

(UxV)N(AxB)=(UnNA) x(VNB)

Since U x A and V' x B are the general open sets for the subspace topologies
on A and B respectively, the set (UNA) x (VN DB) is the general basis element
for the product toplogy on A x B. Since the two bases are equivalent, the
two topologies must be equivalent. O

1.5 Closed sets and limits points

Definition 1.5.1. A subset A of a topological space X is closed if X\A is
open. A is clopen if it is both open and closed.
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Example 1.5.2. Consider X = (0,1) U (2,3) CR. A = (0,1) is a clopen
subset of X.

Remark. There are no non-trivial (i.e not & or R) clopen subsets of R.
(equivalent to the notion of R being connected ).

Theorem 1.5.3. Let X be a topological space. Then the following conditions
hold:

1. @ and X are closed
2. V{Ci}ier, C; closed = (;c; Ci is closed
3. Vi=1...n,C; closed = |J}_, is closed

Proof.

Part 1: @ and X are closed because they are the complements of the open
sets X and @ respectively.

Part 2: Let {C;}ier be a collection of closed sets in X. It suffices to show
that X\ (;c; Ci) is open in X.
By De Morgan’s Law, we have that X\ (;c; Ci) = U, (X\Ci).
Since each C; is closed we have that X \C; is open in X.
Since X is a topological space, arbitrary unions of open sets is again
open. Hence X\([",c; Ci) is open and we are done.

Part 3: Leti=1...n and C; a finite number of closed sets in X. It suffices
to show that X\ (|J;_, C;) is open in X.
By De Morgan’s Law, we have that X\ (U, C;) = i, (X\C)).
Since each C; is closed, we have that X\C; is open in X.
Since X is a topological space, finite intersections of open sets are
again open in X. Hence X\ (|J;_, Ci) is open and we are done.

O

Theorem 1.5.4. Let Y be a subspace of a topological space X. Then a set
ACY isclosedin Y <= A=Y N B for some closed set B closed in X.

Proof.

=—>: Let Y be a subspace of X and A C Y a closed set in Y. By definition,
X\A is open in Y. We can therefore write Y\A =Y NU for some
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set U open in X. This implies that A =Y N (X\U). Since U is open
in X, X\U is closed in X as required.

<=: Let A=Y N B for some closed set B in X. Since B is closed in X,
we have that X'\ B is open in X. Hence Y\A = Y N (X\B) is open in
the subspace topology on Y.

]

Definition 1.5.5. Let X be a topological space and A C X a subset. We
define the interior of A to be

Int(A)= |J U

UCAUeT
We define the closure of A to be

A= () cC

CDA, C closed

We define the boundary of A to be
OA = A\ Int(A)
Remark. Int A is the biggest open set contained in A and A is open <=

A = Int(A).
A is the smallest closed set containing A and A is closed <= A = A.

Proposition 1.5.6. Let X be a topological space and A C a subset. Then
A= X\ (Int(X\A))

PT’OOf. A = X\(X\A> = X\(X\(DCQA, C closed C))
= X\(UC;A, C closed (X\C>)

Now let U = X\C. By definition, U is open in X.

= X\(UUQX\A, U open U)
_ X\(Int(X\A)) 0
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Example 1.5.7. Consider X # @ endowed with the trivial topology and
A C X a subset. Then we have:

i -{3 4493
- o fA=92
A_{X if A#+ @

(o ifA=Xo
8A—{ X if otherwise

Example 1.5.8. Let X be an infinite set endowed with the finite complement
topology T¢. Then we have:

(A ifIXNO\A] < o
Int(4) = { & if [X\A| = oo
i A if|Al < o
X Al =0
X\A if | X\A| < o0
A= A if|A]=oo
X if|A] < o0, | X\A| = 0o

Example 1.5.9. Consider R endowed with the standard topology and A =
Q C R a subset. Then

VeeRVe>0,(r—ecx+e)f A = Int(A) =2
Hence we see that

A=R\(Int(R\@)) =R

JA=R\@ =R
Theorem 1.5.10. Consider the topological space X with subspace Y C X
and A CY a subset. Denote A as the closure of A in X and A as the closure
of A in Y. Then

A=ANY
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Proof.

A C ANY: Since A is closed in X, we have that ANY is closed in Y. Now,

since A C ANY and, by definition, A equals the intersection
of all closed subsets of Y containing A, we have that A C ANY.

. Ais closed in Y hence A= CNY for some set C closed in X.
Then C is a closed set of X containing A and, because A is the

intersection of all such closed sets, we see that bar A C C hence
Any Ccony = A

N
D)
~
N
N

]

Example 1.5.11. Consider X = R2Y = Q? A = Z2.

We want to find Ag. We first start by finding A (closure in R?).
R\ A is open as we can always squeeze an open ball around any point.
— A is closed = A= A=7>

Now Ag =ANQ*=7Z>NQ* =72

Example 1.5.12. Consider X =R, (0,1] C R a subspace and A = (0, %) C
(0,1] C R.

Az =1[0,5] = Ay =[0,51n(0,1] = (0,3].

Example 1.5.13. Consider S = {+|n>1} C (0,1] CR.

First we calculate Sg = R\Int(R\S).

Int(R\S) = (R\S)\{0} = R\(S U{0}).

Hence, Sg = S U{0}.
Now, S =SrN(0,1] =S = S is closed in (0, 1].

Theorem 1.5.14. Let X be a topological space, A C X,z € X.
1. € A <= every neighbourhood of = intersects A

2. Let B be a topology basis for T. Then x € A <= Y B basic neighbour-
hood of x, B intersects A.

3. x € 0A <= V neighbourhood U of z, U intersects both A and X\ A.
Proof.
Part 1:

— : Let 2 € A and assume there exists a neighbourhood Uy of 2 which
does not intersect A.
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Necessarily, Uy C X\A = A C X\Uy = V. Since Uy is an open
set, V by definition is closed. Now by the definition of the closure

of A, we have that z € A C V. Hence x € VN U = @ which is a
contradiction.

<=: Now consider x € X and assume V U neighbourhood of x,
UNA#@. Let C be any closed set such that C' O A. Assume
by contradiction that z ¢ C. Let x € U = X\C for some open
set U. We have that U = X\C' C X\ A which cannot intersect A.
This contradicts that all neighbourhoods of x intersect A.

Part 2:

= : This is trivial by the fact that Part 1. applies to all
neighbourhoods including basic neighbourhoods.

<= Let B be a topology basis for 7 and assume that V B basic
neighbourhoods of a point z, BN A # &. It suffices to show that
since all basic neighbourhoods of z intersect A, all
neighbourhoods of  must intersect A; we can then apply Part 1.
By Lemma 1.2.8, we know that all open sets consist of arbitrary
unions of basic open sets. Hence any open neighbourhood U of
x must intersect A since it is the union of basic neighbourhoods
which intersect A.

Part 3:  Assume that € 9A = A\Int(A),z € A <= every
neighbourhood of x intersects A. x ¢ Int(A) <= every
neighbourhood of z intersects X\ A.

]

Example 1.5.15. Consider X = R, (i.e R endowed with the lower limit
topology) generated by {[a,b) | — oo <a <b< oo} and A= (0,1). We want
to compute A.

Firstly, we see that v € (0,1) = x € A. We can also see that if x ¢
0,1] = x¢ A.

We now need to check if 0,1 € A.

Let [a, b) be a basic neighbourhood of zero. If a = 0, we have [0,b)N(0,1) # &.
Ifa < 0,b> 0 then again, [a,b) N (0,1) # @. Hence 0 € A.

Consider [1,2) a basic neighbourhood of 1. This contains no points of A and
hencel¢ A = A=[0,1).
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Definition 1.5.16. Let X be a topological space, A C X a subset and x € X.
x is a limit point of A (x € A’) if VU neighbourhood of x, UN(A\{z}) # @.

(i.e every neighbourhood of x contains a point of A other than z.)

Theorem 1.5.17. Let X be a topological space and A C X a subspace, then
A=AUA (the union is not necessarily disjoint).

Proof.

AC AUA": Let x € A. We show that necessarily, z € A’. Suppose
x ¢ A\A. Since z € A, every neighbourhood U of x intersects
Aatsayye UNA Butye Aand x € A = y # x. Hence
UN(A\{z}) A2 = x € A.

]

AUA CA: Letx € AUA'. Then z € A or z € A'. First, assume z € A.
By definition, € A. Now assume = € A’. By definition, if
is a limit point of A, then every neighbourhood of x intersects
A in a point other then z. Hence it must also be in A.

Corollary 1.5.18. A subset A of a topological space is closed <— A" C A.
Proof. AC X closed < A=A < A=AU A — A CA. O

Definition 1.5.19. Let X be a topological space, {z,} C X a sequence and
r e X. We say

{r,} — =

n—oo

if VU neighbourhood of x, AN € N such thatVn > N,x, € U.

Example 1.5.20. Let X be equipped with the trivial topology, {z,} C X a
sequence, x € X. There exists only one neighbourhood of x, namely U = X.
Indeed, x, € UV n > 1. Hence x,, — x.

Proposition 1.5.21. Let X = R endowed with 7 the finite complement
topology and let x, = (—1)". We claim that z, - 1.

Proof. Take U = R\{—1} a neighbourhood of 1. Now, z,, = 1 for n odd.
No matter how big we choose N, we will always have that z,, ¢ U for odd n.
Hence z,, - 1. ]



CHAPTER 1. TOPOLOGICAL SPACES AND CONTINUOUS FUNCTIONS17

Definition 1.5.22. A topological space X is called Hausdorff or To if V. #
y € X,3U;, Uy neigbourhoods of = and y respectively such that Uy N Uy = @.

Theorem 1.5.23. Any finite set in a Hausdorff space is necessarily closed.

Proof. Let X be a Hausdorff space and A C X a finite subset. It is sufficient
to show that any singleton in X is closed since if A is closed then it is the
finite union of singletons.

Let S = {2} C X be a singleton. Since X is Hausdorff, we have that
Vy € X,3U, neighbourhood of y such that z ¢ U,,.

Then X\S =), U, is open = {z} is closed. O

Example 1.5.24. R equipped with the standard topology is a Hausdorff space.
Indeed, given any x # y € R, we can always find ,6 > 0 such that (v —
g x+e)N(y—d,y+9)=a.

Example 1.5.25. A space X equipped with the discrete topology is a Haus-
dorff space. Indeed, given any x # y € X we can take U, = {x} and U, = {y}
and hence U, NU, = @.

Proposition 1.5.26. Consider X = R equipped with the finite complement
topology 7. Then X is not a Hausdorff space.

Proof. 7/ = {U |R\U is finite} U {@}.

If U; and U, are neighbourhoods of two points z # y € R then neces-
sarily, Uy = R\{z1,29,...,2,},Us = R\{v1,42,...,yn}. Now, Uy NU; =
R\{z1, 22, ..., Tn,Y1,Y2, -, Yn} 7 &. Hence R equipped with the finite com-
plement topology is not a Hausdorff space. O

Theorem 1.5.27. Let X be a Hausdorff space and {z,} C X a sequence in
X. Then {x,} converges to at most one element of X.

Proof. Assume, to obtain a contradiction, that x, — z,y with x # y. Let
U, Us be two neighbourhoods of x,y such that U; N Uy, = @, the existence
of which is guaranteed by the fact that X is a Hausdorff space.

By hypothesis, we have that:

dN; such that Vn > Ny, 2z, € U;
4N, such that Vn > Ny, z,, € Uy

Now take N := max{N;, No}. We have that
VHZN,[EnGUl,ZL‘nGUQ — x,€eUNU; =9

This is a contradiction and hence z,, must converge to a single limit point. [J
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1.6 Continuous functions

Definition 1.6.1. Let X and Y be two topological spaces. f : X — Y 1is
continuous if

YV CY open U= f"YV) is open

Proposition 1.6.2. If B is a topology basis on Y and VB € B, f~Y(B) is
open in X then fis continuous.

Proof. Let V be an open set in Y. Then

) = (U Bi) U

i€l el

Since, by assumption, f~!B; is open, we have f~!(B;) = U; for some set Uj
open in X. Hence

Urimsy=u.=u
i€l i€l

Now since each U; is open in X, we have that U is open in X and hence f is
a continuous function. m

Example 1.6.3. Consider the function

f IRﬁ—%]Rl
=T

where R denotes R equipped with the standard topology and R; denotes R
equipped with the lower limit topology.

V = [0,1) is indeed open in R, yet f~1([0,1)) = [0,1) is not open in R.
Hence f is not continuous.

Now consider the function

g: R —R
T =T

U = (a,b) for some a,b € R is indeed open in R. f~((a,b)) = (a,b) which

15 open in R;. Hence, g is continuous.
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Example 1.6.4. Consider the function

fR—=>R

where R is equipped with the standard topology. This is a continuous function.

Example 1.6.5. Let X be a topological space and Y C X a subspace. The
function

1Y - X
y—=y

15 continuous. The subspace topology is the coarsest topology that makes 1
continuous.

Example 1.6.6. Let X and Y be two topological spaces. The two functions

m:XxY > X
(z,y) =

T X XY =Y
(z,y) =y

are continuous. The product topology is the coarsest topology that makes
Ty, Ty CONLINUOUS.

Theorem 1.6.7. Let f : X — Y be a map between two topological spaces X
and Y. The following are equivalent

1. fis continuous

2. VACX, f(A) C f(A)
3. VB CY closed, f~'(B) is closed

4. Vx € X,V neighbourhood of f(x) € Y,3U neighbourhood of x such
that f(U) C V
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Proof. We shall prove the theorem in the order 1 — 2 = 3 = 1,
1l =4 = 1

1= 2:

2= 3:

3= 1:

1 = 4:

4= 1:

Assume that f is continuous and let y € f(A). Then 3z € A such
that f(z) =y.

= VU neighbourhood of z,U N A # @.

Let V be any neighbourhood of y such that U = f~1(V) is a
neighbourhood of x, the existence of which is guaranteed by the
assumption that f is continuous.

Now UNA#@ = f(U)Nf(A)£2 C VN fA).

= y € f(A) = y e f(A).

Let B be a closed set in Y and let A = f~1(B). We want to show
that A is closed in X hence it suffices to show that A = A.

We have that f(A) = f(f~(B)) C B. Now let z € A.

= fl@) e f(A) S f(A)SB=18

— ze fY(B)=A

— ACA — A=A
Let U CY be open. We have that f~1(U) = X\ f~(Y\U).

By assumption, we have that f~1(Y\U)closed = f~1(U) is
open.

Consider z € X,V neighbourhood of f(z) € Y. Then U = f~1(V)

is a neighbourhood of z.

Consider V C Y open and take U = f~!(V),z € U. By
assumption, 3U, such that f(U,) C V is a neighbourhood of z.
Then U = |J, .y U, is the union of open sets, hence U is open.

O

Definition 1.6.8. Consider a function f : X — Y. We say that f is a
homeomorphism if f is a continuous bijection whose inverse is also con-

tinuous.

We say that two topological spaces X and Y are homeomorphic if there
exists a homeomorphism f: X — Y.
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Example 1.6.9. The function

id: X = X
T

1s a homeomorphism.

Example 1.6.10. Consider Y C X a subspace. The function
1:Y - X
y—y
18 not a homeomorphism as i is not bijective.

Example 1.6.11. Consider the function

f:R—=R
r— f(x)=3zx—1

f is bijective, continuous and its inverse f~'(y) = YL is also continuous,

3
hence it is a homeomorphism.

Example 1.6.12. Consider the function

f:0,1) = S*
t— f(t) = (cos(2mt), sin(2mt))

where [0,1) is endowed with the subspace topology from R and S* is the unit
circle endowed with the subspace topology from R2.

We have that f is bijective and continuous. However, f([0,1)) C S* is not
an open set of S*. To see this, consider f(0) € S*. We can find no open set
U C R? such that f(0) € (UNS'). Hence fis not a homeomorphism.

Theorem 1.6.13. Consider a function f: X =Y with X = J,.,; U;,Vi €
I,U; is open. IfVie I, fly, : U; — Y is continuous then f is continuous.

Proof. Let V. C Y be open. f~HV) = f'(V)N(Uie; Ui) = Ui, (FTH V)N
Ui) = Uie;(flo,) 1 (V). By assumption, we have that Vi € I, (f[y,) "' (V) is
open in U; = V is open in X = f{is continuous. O
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Theorem 1.6.14. (Pasting Lemma,)
Let X = AU B where A and B are closed in X. Consider f: A—Y,g: B —
Y such thatVx € AN B, f(z) = g(x). Define

| flz) ifxeA
h(x)—{ g(xr) ifreB

where h : X — Y, then h is a continuous function.

Proof. Tt suffices to show that VC' C Yclosed, h~'(C) C X is closed.
h=H(C) = (hHC)NA) U (hHC)NB) = f~1(C)Ug™(C)

Now, since f and g are continuous functions, we have that f~!(C) and g~ (C)
are open in A and B respectively. Hence they are both closed in X and their
union is also closed in X. This implies that h is a continuous function. O]

Example 1.6.15. Consider the functions

f:[l,o0) =R
T

g: (=00, 1] = R
r— —(r—2)

We have that [1,00) N (—o0,1] = {1} and f(1) = g(1) = 1.
Hence, h(z) = |x — 1| + 1 is continuous by the Pasting Lemma.

Example 1.6.16. Consider the two functions

f:[V2,000NnQ =R

1

g:(—00,vV2]NQ =R
x—0

By definition of the subspace topology on Q, A = [v/2,00)N Q and (—o0, v/2]N
Q are both closed in Q. We also have that ANB =& = flans = 9lans-
Hence h is continuous by the Pasting Lemma.
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Proposition 1.6.17. Let X, Y and Z be three topological spaces and consider
the following functions

f:X—=>Y
g:Y —Z

If f and g are both continuous then g o f is also continuous.

Proof. Consider U, C Z a basic open set. We show that (g o f)~(U,) is
open.

Since g is a continuous function, we have that U, = ¢ '(U,) is open for some
U, CY.

Now, since f is also continuous, we have that U, = f~(U,) is open for some
U, CX.

But U, = f~Y(U,) = (¢ (U,)) = (go f)~*(U.), where U, is basic open
in Z and U, is open in X.

Hence g o f is continous. O]

1.7 The Product Topology

Example 1.7.1. Consider

RY =[] R = {(a:)iez|a; € R}
i€Z

In this section, we will look at endowing R* with a topology.

Definition 1.7.2. The box topology on X = [[,.; X; is the topology gen-
erated by the topology basis

B:{HUi

icl

VZ,UZ ETXi}

Definition 1.7.3. The product topology on X = [[..; X; is the topology

generated by the topology basis

B:{HUi

i€l

el

VU, € 1x, andVi%l,...,n,Ui:Xz}
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Remark.
e The product topology is coarser than the box topology.
e [f|I| < oo then the product topology is exactly the box topology.

Example 1.7.4. Consider RY =[], , R and A =1],.,(—1,1) CR¥.

Then A is open in the box topology however it is mot open in the product
topology. This is because for infintely many i € Z the only open neighbourhood
of v € R isR. It is obviously not possible to squeeze R inside of (—1,1) hence
for infinitely many i € 7Z, there are points that are not open thus A is not
open.

Proposition 1.7.5. Consider X =[], {0, 1} where {0,1} is equipped with
the discrete topology. Then the box topology on X is discrete.

Proof. Consider z € X. Then x = (21, x9, x3,...) for some x; € {0,1}. Each
7; is open in the discrete topology on {0,1} and hence [], . ; is open in
the box topology. O

Example 1.7.6. Consider R¥. We have that

B = {H(al,bz) X HR

i<n i>n

‘v’i,—oo<ai<bi<oo}

is a basis for the product topology on R* and

B= {H(ai,bi)

i>1

Vi,—oo<ai<bz-<oo}

is a basis for the box topology on R“.

Theorem 1.7.7. Consider a topological space X =[], ,; X, let A; C X; be
a subspace and A = [[;.,; A; € X. Let 7 be the product topology on A and
7' be the subspace topology induced on A from X endowed with the product
topology. Then T = 7'. The same holds for the box topology.

Proof. We prove the theorem for the product topology. Consider the set

v=]Jui x[[x

1<n >n
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where U; a general basis element of X;. We can see that

UNA= <HUZ-><HX> N[ A

i<n i>n 1€l

is the general basis element for the subspace topology on A. Now

i<n i>n el
i<n i>n

i<n i>n

where the last equation is the general basis element for the product topology
on A. Since the two bases agree, the two topologies must be equal. O

Theorem 1.7.8. Consider a topological space X = [],.; X; endowed with
the product topology. If each X; are Hausdorff spaces then X is a Hausdorff
space. The same also applies to the product topology.

Proof. We prove the theorem for the product topology. Let each X; be
Hausdorff spaces. Consider z # y € X and suppose, without loss of gener-
ality, they differ at only one index; say i = ig. We want to show that there
exists U, U, C X open neighbourhoods of = and y respectively such that
U,NU, =a. Let

U, = U, x [[ X
iig

U, =U,, x [[X%
i#io

where Uy, , U, are open neighbourhoods of z; and y; respectively such that
U,y VU, = 2, the existence of which is guaranteed by the fact that X;, is
a Hausdorff space.

To show that U,NU, = @, suppose 3z € U,NU,. Then z;, € U,, NU,

=,
0 Yig
This is obviously not possible, hence U, N U, = &. O
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Theorem 1.7.9. Consider a topological space X = [[,.; Xi endowed with

the product topology and A; C X, subsets. Then

T4 -11%

iel i€l

i€l

The same applies to the box topology.

Proof.

C: Letx=(7;)ie; € A= [L;c; Ai- We want to show that Vi € I, z; € A
We first fix an index ¢ = i and let V;, be a neighbourhood of ;.
Consider

V=V, x[[x
i#ig

a basic neighbourhood of = € X.
By Part 1. of Theorem 1.5.14, we have

T€A = VNA£0 = V,,NA, #9

Since V;, is an arbitrary neighbourhood of z;,, we can again invoke
Theorem 1.5.14 to see that z;, € A;,.

Let © = (z;)ier € [[;; A and V a basic neighbourhood of z. By
assumption, x; € A; Vi € I.

Then

1<n >n

U

for some finite n. Let us first consider the case where ¢ < n.
Since x; € A;, we can invoke Theorem 1.5.14 and

VinAi #0 — <HV,> N (HAZ> =J[vin4) #2

We now consider the case where ¢ > n.
Again, since z; € A;, we can invoke Theorem 1.5.14 and

>n >n >n
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Now combining the two together, we get

VNA=JJvinA) x[[(XinA) # 2

i<n >n

Since V is an arbitrary neighbourhood of x, we can once again invoke
Theorem 1.5.14 to see that x € A.

O

Theorem 1.7.10. Let X =[], ., X; be a topological space endowed with the
product topology and A an arbitrary topological space. Consider the function

fiA—=>X
a— (fila))ier

where f; : A — X, for each i. Then the function fis continuous if and only
if each f; is continuous.

Proof.

=—>: Suppose that f is continuous. We want to show that each f; is
continuous. it suffices to show that if U; C X is a basic open
neighbourhood then f;!(U;) is open.
Consider 7; the projection of the product onto its i** factor. By the
definition of the product topology, m; is continuous. Indeed, if

7TiIX—>Xi

(w))jes — x;

and U; C X is basic open, we have that

7TZ_1(UZ) = UvZ X HX]
J#i
which is open in X.

Since the composition of continuous functions is continuous, we have
that f; = m; o f is continuous.

<=: Now suppose that Vi € I, f; is continuous. We have to show that
given a basic open neighbourhood U C X, f~*(U) is open in A.
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Consider the following basic open neighbourhood of the product

topology on X

i<n >n

where n € Z>y and U; C X is basic open. It is easy to see that
a€ f7YU) < fi(a) € U;Vi. Hence

U = 00N (U2) N0 f (Ua) O (ﬂ f[l(Xi))

= U N T) N0 7 (Ua) 0 (ﬂ A)
but each f;!(U;) is a subset of A, hence
SO = U N (U) A0 f (U)

Now, f~1(U) is the finite intersection of open sets, hence it is open
itself. Therefore f is continuous.
O

1.8 The Metric Topology

Definition 1.8.1. Let X be a topological space. A metric on X is a function
d: X xX —>R

satisfying the following three axioms

1. Vz,ye X,d(z,y) >0 and d(z,y) =0 <= =1y

2. Va,y € X,d(z,y) =d(y, )

3. NVa,y,z € X, d(z,y) +d(y,z) > d(z, z)
Definition 1.8.2. Let € > 0. The e-ball centered at x is the set

By(x,2) = {y|d(z,y) <e}

In other words, it is the set of all points that are less than € d-distance away
from .
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Example 1.8.3. Consider X = R". We have the standard Euclidean metric
on X:

n 3
da(,y) = (Z(ffz - yz)2>
i=1
For 0 < p < 00, the following is also a metric on X
1
o= (S )
i=1
Example 1.8.4. Let z,y € R? and define
di(z,y) = |21 — | + |22 — 32

Then this is a metric on R? and the open balls are diamond shaped:

N
N

Example 1.8.5. Let x,y € R? and define

doo = Maz1<i<n|T; — Yi
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Then this is a metric on R? and the open balls are square shaped:

Proposition 1.8.6. Let X be a set and d a metric on X. Then
B={By(z,r)|z e X,r>0}
is a topology basis for the metric topology on X induced by d.
Proof. We prove that B satisfies the axioms of a basis.
1. Vx € X,dB € B such that z € B
Let x € X. Then Vr > 0,z € B(z,r) € B

2. VBy,By € B,Vx € By N By,dB3 C B; N By such that x € By

Consider z,y € X and the open balls
Bl = B(]?, T1>
B, = B(y7 TQ)
with r1,T9 > 0.
Now consider z € By N By and let ¢ = min{r, —d(z,z),r — d(z,y)}.
We claim that By = B(z,¢) C By N Bo.
Let t € B(z,¢). Then d(t, z) < e.
By the properties of metrics, we have that
d(z,t) < d(z,z)+d(z,1)
<d(x,z)+¢
<d(z,z)+ (1 —d(z, 2))
<
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This implies that t € B;. By a similar argument on By, we have that

d(y,t) < d(y,2) +d(z,t)
<d(y,z) +e
< d(yv Z) + (T2 - d(ya 2))
< T9
Hencet € B, = t € By N B,.

]

Definition 1.8.7. A topological space is said to be metrisable if there exists
a metric d on the set X that induces the topology of X. A metric space is
a metrisable space X together with a specific metric d that gives the topology
of X.

Theorem 1.8.8. The topologies on R™ induced by the euclidean metric dsy

and the square metric ds, are the same as the product topology on R™.

Proof. Let z,y € R?. It is easy to see that

doo(,y) < da(z,y) < Vndoo(z,y)

Now, if dy(x,y) < € then do(z,y) < €. Hence By, (z,e) C By (z,¢).
Conversely
£

doo(z,y) < Tn = dy(z,y) < Vnde(z,y) <e

Hence By _(x,e) C Bg,(z,¢). Since we can excise a basic open dy-ball inside
any d.-ball and vice-versa, by Lemma 1.2.12, the topologies induced by the
two metrics are equivalent.

It now suffices to show that the topology induced by the square metric is
the same as the product topology on R. Consider

n

B = H(ai, bz)

i=1

with a,b € R a basic open neighbourhood for the product topology on R".
Consider z = (x1,...,2,) € B. Vi,3¢; such that

(v — ez — i) C (a, b;)
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Now take ¢ = min{ey,...,e,} then it is easy to see that By_(z,¢) C B.
Hence the d..-topology is finer than the product topology.
Conversely, consider

By, (z,e) = (v1 —e,x1+€) X -+ X (¥, —€, 2, + €)

where € > 0 a basis element for the d.-topology on R™. We need to find
a basic open neighbourhood B of the product topology such that Vy &
By _(z,e),y € B C By_(x,c). However this is trivial as By (z,¢) is itself a
basic open neighbourhood of the product topology. Hence the product topol-
ogy is finer than the d.-topology meaning the two topologies are equal. [

Theorem 1.8.9. Let d(a,b) = min{|a—0b|,1} be the standard bounded metric
on R. Let x,y € RY and consider

D(z,y) = Sup{M}

Then D s a metric that induces the product topology on R*
Proof. We first prove that D is a metric.

1. d(z,y) >0 and d(z,y) =0 <= x =y
We have that

J(Iiy yi)
7

>0

= D(x,y) = sup{M} >0

A similar argument also confirms the second part.

2. d(z,y) = d(y,z)
We have that

d(wi, yi) _ d(yi, ©i)

7 7

— D) = sup{ L0} [T
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3. d(w,z) < d(z,y) +d(y, 2)
We have that
d(l‘i', %) < d(ﬂcz‘.; Yi) . d(yi.7 %)
7 1 1

Y sup{M} < D(z,y) + D(y, 2)

< D(z,y) + D(y, 2)

We now show that the D-topology on R¥ is equivalent to the product topol-
ogy. It suffices to show that we can squeeze an open neighbourhood of the
product topology around every point inside an open D-ball and vice versa.
We can then invoke Lemma 1.2.12 to show that the topologies are equivalent.
Consider the ball

Bp(z,e),z € R, e >0

We must find an open neighbourhood of the product topology U C R“ such
that U C Bp(z,¢). Take

k

U=]]Bs (:c %) < [[r (1.1)

i=1 i>k

an open neighbourhood of z € R¥.
Let y € U. We must show that D(x,y) < e. Hence it suffices to find k such

that
J%‘, i d ir Yi
Now,
d(;,y; d(zi, yi r 1
SUPi<i<k {%} + SUPi>k { ( ; ) } < Supi<i<k {Z} + SUDi>k {;}

Hence we require that

— - <
5 TR ST
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We can then see that
1 <
k

—
—

IO 3o

r—
1

E <
k>
We can therefore take £ = (%1 and plug it into Equation 1.1 to get the
desired neighbourhood. This shows that the product topology is finer than

the D-topology.
Conversely, consider the basic open neighbourhood U of x € R¥

v=]]ux]]R
i<n i>n
Where each U; is an open neighbourhood of z; € R.

Let Bgi_(xi, r) be the open ball defined by d centered at x; with radius r.
Since d is a metric on R, we have that

Je; > 0 such that By (2, &) CU;
Let

. €
€ = MiNi<i<n 7

We claim that Bp(x,e) C U where Bp(z,¢) is the D-ball centered at x of
radius r.
Consider y € Bp(z,€). Then D(z,y) < €.

)

= SUPi<i<n { ;

Cii(i% ?/z)
7

<eg, Vli<i<n

—
di (i, y; €; .
= M<—,,V1§@§n

7 7
= di(w,y) <ei, V1<i<n
— yZEBJZ(Z'“El)gUZ,Vlglgn
— yelU

This shows that the D-topology is finer than the product topology. Hence
by Lemma 1.2.12, the two topologies are equivalent. O
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Theorem 1.8.10. Consider topological spaces X; each equipped with a metric
d;. Let d;(x,y) = min{1,d;(x;,y;)} where z;,y; € X;. Then

-3

=1

di(z,y5)

| =

7

DN

is a metric for the product topology on X =[], ; X;

Proof. The proof that D is a metric is left as an exercise to the reader.

We show that the D-topology on X is equivalent to the product topology on
X. Hence it suffices to show that every D-ball contains a basic open neigh-
bourhood of the product topology and vice versa. We can then invoke Lemma
1.2.12 to arrive at the desired result.

Consider the D-ball Bp(z,e). We wish to find a basic open neighbourhood
U of the product topology such that U C Bp(z,¢).

We shall take

v= 1] B (5”9 < [T x: (1.2)

1<i<n i>n

where z; is the i*" coordinate of z.
Now consider y € U, we need to show that D(x,y) < e

n

00 1. _ > 1 -
ZQ_d T Yi) = ‘ —di(7s,y;) + Z o di(wi,y;) <&
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We therefore need to find n such that the above inequality holds.

Now assume 0 < ¢ < 1. We are allowed to do this since if ¢ > 1, the
neighbourhood we are constructing will still be valid inside the bigger D-
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ball. We now require

1n+1
g—I— 3 (2—¢)<e
1n+1

- <
2
1n+1

= <
2

1 1
(n+1) log1 (5) > log: (5)

(n+1) > log, G)

n O, - -
gl 2

n >0

N — DN M

el

I

Hence we can substitute n = 1 into Equation 1.2 to give us the desired

result.
Now consider the basic open neighbourhood U. We need to find a D-ball

Bp(z,¢) such that Bp(z,e) C U. We consider
=1 >n

where Uj is a basic open neighbourhood U; C X;.
Since each d; is a metric on X;, we have that

Je; such that By (v, ;) C U;

Now take

. i
€ = TiN1<i<n E

Now consider y € Bp(z,¢), we have to show that y € U.



CHAPTER 1. TOPOLOGICAL SPACES AND CONTINUOUS FUNCTIONS38

=
£
N
AN

I
0

@
Il
=

d; (@i, y;) < €

)

!

@
I
—

00 1.
; (T, v3) +Z§di(xiayi) <e

Z-Ozz'(xmyi) <€

!

s
I
—

I

di(z;,y;) <e, V1<i<n

(2

| =
\

Il

(2, ) <&, V1<i<n

Hence y; € By (z;,e;) V1 < i <n = y € U. This shows that the D-
topology is finer than the product topology, hence by Lemma 1.2.12, the two
topologies are equal. O

1.9 The Quotient Topology

Definition 1.9.1. Consider two topological spaces X and Y andp: X — Y
a surjective map. The map p is said to be a quotient map provided a subset
U CY isopen in Y if and only of p~(U) is open in X.

Remark. An equivalent definition would be to have that p is a quotient map
provided a subset C C'Y is closed in Y if and only if p~*(C) is open in X.

Example 1.9.2. Consider the mapping p: X — Y where if U C X 1s open
then p(U) C Y s open. This is called an open map. It therefore follows
from the definition that if p is a surjective continuous map that is open then
it 18 a quotient map.

The same applies for closed maps.

Example 1.9.3. Let X = [0,1]U[2,3],Y = [0, 2] be subspaces of R. Consider

the map
[ if x € [0,1]
p(f”)_{x—1 if z € [2,3]
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It is easy to see that this function is surjective, continuous and closed. Hence
it is a quotient map. It is not, however, an open map as the open set [0, 1]
of X is not open in Y.

Example 1.9.4. Consider
m :RxR—R

a projection of R? onto the first coordinte. Indeed, m is surjective and con-
tinuous. If U XV is a non-empty basis element for RxR then m(UxV) =U
15 open in R. Hence m; is an open map and therefore a quotient map.

m 18 not, however, a closed map. Consider the subset

C={zyley =1}
of R x R. Indeed this subset is closed but m (C) = R\{0} is not closed in R.

Definition 1.9.5. Let X be a topological space and ~ an equivalence relation
on X. The quotient space X/~ on X is the set

X/ ~={lz]|z € X} ={{ve X|v~a}|zeX)}

Proposition 1.9.6. Let X be a topological space, ~ an equivalence relation
on X and X/~ the corresponding quotient space of X. Consider the quotient
map

p: X = X/~

Now let
Tx/m ={U C X/ ~ |p~"(U) is open in X}
then Tx/~ is a topology on X/~ called the quotient topology.

Proof. We show that 7x,. obeys the three axioms of a topology.

1. 9, X ety
We have that p~! (@) = @ and p~}(X/ ~) = X. Hence @, X/ ~ € Tx/~.
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2. VI,V{Uz}zeI € Ty, L_JZ Uz €Ty
Let {U;}ier be an arbitrary collection of unions of elements in X/~.
We have that

~(Ue) U

By assumption, p~!(U;) is open in X and arbitrary unions of open sets
of X are open hence J, p~(U;) is open in X.

3. Ul,UQ,...,Un € Tmm?Ui € Te
Let n € N and Uy, Us,...,U, a finite collection of unions of elements
in X/~. We have that

p (ﬁ Ui) = ﬁp‘l(Ui)

By assumption, p~'(U;) is open in X and finite intersections of open
sets of X are open hence () p~*(U;) is open in X.

]

Remark. [t follows from the proof above that an equivalent definition of the
quotient topology would be that a union of equivalence classes in X/~ is open
iof the union of their elements is open in X.

Proposition 1.9.7. Let X be a topological space, ~ an equivalence relation-
ship on X, andp : X — X/~ an open quotient map. Then X/~ is Hausdor(f
if and only if A= {(z,y) € X X X |z ~ y} is closed.

Proof.

—> :  Assume that X/~ is Hausdorff. Then V[z],[y] € X/~,3U,,U, C
X/~ open neighbourhoods of [z], [y] respectively such that Uy N Uy = @.
We want to show that A is closed. Hence it suffices to show that (X x X)\A
is open. Now,

(X x XN\A={(z,y) €e X x X |z »y}
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Since p(z) = [z] # p(y) = [y], by hypothesis, we have two disjoint neighbour-
hoods of p(x) and p(y), namely Uy, and Uy, respectively.
Therefore, since p is a quotient map

p (U NU) =2
—= p ' (U) Np ' (Uy) = @
= U, NU, =0

where U, and U, are open neighbourhoods of x and y respectively. Hence
around any point(z, y) we can excise an open neighbourhood, namely U, x U,,.
Therefore (X x X)\A is open.

<= : Now assume that A is closed. Hence its complement U is open. Since
p is an open map, we have that

(p xp)(U) := (p(z),p(y) | (z,y) € U)

is open in (X/~)x(X/~).

Now, the complement V' = (X/~)x(X/~)\(p x p)(U) = {(ly], [y]) [ [v] €
X/ ~} is closed.

Consider two equivalence classes [z] # [y] € X/ ~. Then ([z],[y]) ¢ V.
Hence there is an open neighbourhood of ([z], [y]) that does not intersect V.
Such a neighourhood is of the form U, x U, where U, NU, = &. Hence X/~
is Hausdorff.

]



Chapter 2

Connectedness and
Compactness

2.1 Connected Spaces

Definition 2.1.1. Let X be a topological space. A seperation of X is a pair
U,V of disjoint non-empty open subsets of X where UUV = X. X is called
connected if there does not exist a seperation of X.

Remark. If X = U UV is a seperation then both U and V are clopen.
We can therefore reformulate the definition of connectedness to be that X is
connected if and only if there are no non-trivial clopen subsets.

Example 2.1.2. Consider X equipped with the discrete topology. Then X is
connected if and only if | X| = 1.

Example 2.1.3. Consider X equipped with the discrete topology. Then X is
connected.

Example 2.1.4. Consider A C R any open or closed subset. Then A is
connected as we can never find two non-empty open sets that seperate A.

Example 2.1.5. Consider Q as a subspace of R and a,b € R\Q. We have
that (a,b) N Q is an open set in the subspace topology. We also have that
la,b] N Q is a closed set in the subspace topology. However, U = (a,b) NQ =
la,b] N Q. U is therefore a clopen set of Q and hence Q is not connected.

Example 2.1.6. Let X be a topological space and Y C X a subspace.

42
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Lemma 2.1.7. Let X be a topological space and Y C X a subspace. A
seperation of Y is a pair of disjoint non-empty sets A and B whose union is
Y, neither of which contains a limit point of the other.

Proof.

= : Suppose that A and B form a seperation of Y. We want to show that

A and B contain no limit points of each other. It follows from the definition
of a seperation that A is a clopen set in Y. The closure of A = ANY (where
A is the closure of A in X). Now, since A is closed in Y, we have that

A=ANY

— o0=ANB=ANYNB
— ANB=9o

— (AUANB=9

— (ANB)U(ANB)=9
— ANB=go

Hence B contains no limit points of A. A similar argument can be applied to
B.

<= : Now assume that A and B are disjoint non-empty sets whose union
is Y, neither of which contains a limit point of the other. We have that
ANB=@and ANB =@. Hence ANY = A and BNY = B. This implies
that A and B are closed in Y and since A = Y\B and B = Y\ A, they are
both open as well.

O

Lemma 2.1.8. Let X be a topological space, Y C X a subspace and C' and
D a seperation of X. If Y is connected then it lies entirely within C or D.

Proof. Suppose that Y NC' # @ and Y N D # @. Since C and D are both
open in X, by the definition of the subspace topology, they are both open
in Y. Since we have that (Y NC)U (Y N D) =Y we have that Y N C and
Y N D form a seperation of Y. This contradicts the fact that Y is connected
and hence either Y NC' = @ or Y N D = &. Therefore, Y lies entirely within
C or D. ]

Theorem 2.1.9. Let X be a topological space. The union of a collection of
connected subspaces of X that have a point in common is connected.



CHAPTER 2. CONNECTEDNESS AND COMPACTNESS 44

Proof. Let {U;};cr be a collection of connected subspaces of X such that
i< Ui = p for some point p. We want to show that there exists no sepera-
tion of U =, ., Us.

Suppose A and B form a seperation of U. We have that p € A or p € B.
Suppose, without loss of generality, that p € A. Since p € A and Vi,p € Uj,
we have that Vi, U; C A. If not then dx € U, such that x € B, contradicting
the fact that U; is connected.

Since U = Uie] U; and Vi,U; C A we then have that B = @. This contra-
dicts the fact that B is non-empty hence U must be connected. [

Theorem 2.1.10. Let X be a topological space and Y C X a subspace. If
A C B C A then B is also connected.

Proof. Suppose X and Y form a seperation of B. Then, since A is connected,
A C X or A CY. Suppose, without loss of generality, that A C X. Then,
A C X. Hence we have that B C A C X. Since X and Y are disjoint, B
cannot intersect Y which contradicts the fact that Y is a non-empty subset
of B. Hence B is connected. O

Theorem 2.1.11. Let X and Y be topological spaces and f : X — Y a
continuous map. If X is connected then f(X) CY is also connected.

Proof. We want to show that the image space Z = f(X) is connected. If
we restrict the range to Z then the map is still continuous and is surjective.
Hence we consider g : X — Z. Suppose C and D form a seperation of Z.
Then by definition CUD = Z,C N D = @ and C and D both non-empty.
Since f is a continuous map, we have that ¢g7'(C) and g~*(D) are both open
in X.

Now,

g (CUD)=g7(2)
— g NO)Ug (D) = X

g(CND)=g7(2)
— NNy (D)= 2

We also have that since g is surjective, g~!(C') and g~!(D) are non-empty.

Hence g~ !(C) and g~'(D) form a seperation of X, contradicting the fact
that X is connected. Therefore, the image of X under a continuous map is
connected. O
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Theorem 2.1.12. Let {X;}1<i<n be a finite collection of connected spaces.
Then the finite cartesian product X =[]}, X; is also connected.

Proof. We shall prove the theorem using induction. For the basis case, we
consider the product of two connected spaces X and Y.

Consider the point (a,b) € X x Y. The horizontal slice X x {b} is connected
as it is homeomorphic to X. The vertical slices {x} x Y are also connected
as they are homeomorphic to Y.

Hence each T-shaped space

T, = (X x {b}) U ({z} xY)

is connected as it is the union of two connected spaces that have the point
(x,b) in common.
Now consider

T:UTx

zeX

of all such T-shaped spaces. This is also a connected space as it is the
union of connected spaces that all contain the point (a,b) in common. Since
T =X xY, we have that X x Y is a connected space.

Now assume that the theorem is true for n = k. We prove that it is true for
n==k+1.

We have that

Xy X oo x X, =Xy x - x X)) x X

By assumption, X; X -+ x X,,) and X,,4; are connected. By the basis case,
their product is connected as the product of two connected spaces. Hence
any finite cartesian product of connected spaces is connected. O

Proposition 2.1.13. Consider X = R¥ equipped with the box topology. Then
X 1s not a connected space.

Proof. We show that R“ has a seperation consisting of bounded and un-
bounded sequences of real numbers.

Let U C R“ be the subset of R“ consisting of bounded sequences of real
numbers. Then given any x € R bounded sequence, we have that

H(Il—l,xl+1)X(l’2—17I2+1>X...

7
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is an open neighbourhood for z. Hence U is an open set in R¥.
Now consider V' C R the set of unbounded sequences of real numbers. Given
any z € R¥, we have that

H($1—1,I1+1)X([E2—1,1)2+1)X...

2

is also an open neighbourhood of x. Hence V is also open in R“.
Since U and V are obviously non-empty and disjoint and also open, it follows
that they form a seperation of R* in the box topology. O

Proposition 2.1.14. Consider X = RY equipped with the product topology.
Then X is a connected space.

Proof. Let R™ denote the subspace of R¥ consisting of sequences x = (x1, T3, . . .
such that z; = 0 for i > n. Then R” is clearly homeomorphic to R™ and
hence connected. Now denote R® = [ J.2, R”. This set is also connected as
it is the union of connected spaces all with the point (0,0,...) in common.
It now suffices to show that R“ is the closure of R* and thus by a previous
theorem, R“ is connected.

Let a = (ay,as,...) € RY. We show that every basic neighbourhood of a
intersects R*°. Let

be a basic neighbourhood of a where each U; is a basic open neighbourhood
of Q;.
Consider the point

x=(ay,...,a,,0,0,...)

of R*®. Then x € U since a; € U; Vi and 0 € R Vi > k. Hence R¥ is the
closure of R* and is thus closed. O

2.2 Connected Subspaces of the Real Line

Theorem 2.2.1. (Intermediate Value Theorem) Let X be a connected topo-
logical space and f : X — R a continuous map. Consider a,b € X and
r € R such that f(a) < r < f(b). Then there exists a point ¢ € X such that

fle)=r.
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Proof. Assume that there is no point ¢ € X such that f(c) = r. Now consider
the two sets

A= f(X)N(oco,r)
B = f(X)N(r,o0)

They are obviously disjoint and they are non-empty as f(a) C A and f(b) C
B. We can also see that A and B are open in f(X) being the intersection of
f(X) with an open set of R. Since there is no point in X with r its image, we
see that f(X) = AUB. Hence A and B form a seperation of f(X). However
X is connected and this contradicts the fact that the image of a connected

set under a continuous map is connected. Hence there must be a point ¢ € X
such that f(c) =r. O

Definition 2.2.2. Let X be a space and x,y € X. A path from x to y
is a continuous map f : [a,b] — X where a,b € R such that f(a) = x and
f(b) =y. A space X is said to be path connected if every pair of points of
X can be joined by a path in X.

Theorem 2.2.3. Let X be a topolgical space. If X is path connected then it
15 connected.

Proof. Suppose that A and B form a seperation of X. Let f : [a,b] — X be a
path in X. Since [a, b] is connected and f is a continuous map, it follows that
f([a,b]) is also connected. Hence f([a, b]) lies entirely within A and B. There
is therefore no path connecting a point in A to a point in B, contradicting
the fact that X is path connected. Hence X must be connected. O]

Example 2.2.4. Any open or closed ball in R™ is path connected.

Proposition 2.2.5. Consider the set

T

5= {(:1:, sin (1) ‘0 cr< 1} U ({0} x [~1,1])

Then S is connected but not path connected. It is called the topologist’s
sine curve.

Proof. S is a connected subset of R%. We want to show that S is not path-
connected.
Assume that there exists a path f : [0,1] — S from the origin to another
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point in S. Let f(¢) = (z(t), y(t)). Then 2(0) = 0 and z(t) > 0,y(t) = sin (1)
for t > 0.

We shall show that there exists a sequence of points ¢, — 0 such that y(t,) =
(—1)™. Then y(t,) doesn’t converge, contradicting the continuity of f.

Let n > 0 and choose u such that 0 < u < z (2) and sin () = (=1)". We
can then apply the intermediate value theorem to find ¢,, such that 0 < ¢,, < %
and z(t,) = u. O

2.3 Connected Components

Definition 2.3.1. Let X be a topological space and define an equivalence
relation on X by setting x ~ y if there is a connected subspace of X containing

both x and y. The equivalence classes are called the connected components
of X.

Theorem 2.3.2. Let X be a topological space. The connected components of
X are connected disjoint subspaces of X whose union is X. Fach non-empty
connected subspace of X intersects only one connected component of X.

Proof. Since the components are simply equivalence classes, it follows that
they are disjoint and their union is X.

Now assume that there exists a connected subspace A C X that intersects
two connected components C7 and Cs. Let x € C7 and y € Cy be two such
intersections. By definition of,  ~ y hence they are in the same connected
component. This is obviously a contradiction hence each connected subspace
must intersect at most one connected component. It remains to show that
each connected component is indeed connected.

Choose g € C. VYo € C,zg ~ = hence there is a connected subspace A,
containing both xg and x. By the result just proved, we have that A, C C.

Hence
c=J A
zeC

Since the each A, is connected and they each share the point zy in common,
their union is connected. O]

Definition 2.3.3. Let X be at topological space and define an equivalence
relation on X by setting x ~ y if there is a path in X from z to y. The
equivalence classes are called the connected components of X.
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Theorem 2.3.4. Let X be a topological space. The path connected compo-
nents of X are path-connected disjoing subspaces of X whose union is X. Each
non-empty subspace of X intersects at most one path-connected component.

Proof. The proof is left as an exercise to the reader. It follows the same
argumentation as the previous proof. ]

Example 2.3.5. Consider Q as a subspace of R. The connected components
of Q are single points.

Example 2.3.6. Consider the topologist’s sine curve. This set has one
connected component (the whole set) and two path connected components:
{0} x [-1,1] and {(z,sin (1) |0 <z < 1}.

2.4 Compact Spaces

Definition 2.4.1. Let X be a space. A collection C of subsets of X is said to
cover X or be a covering of X if the union of elements in A is equal to X.
A is said to be an open covering of X if it consists of open subsets of X.

Definition 2.4.2. A topological space X is said to be compact if every open
covering A of X contains a finite subcollection that also covers X.

Example 2.4.3. The real line R is not compact. Consider the open covering
of R

A={(n,n+2)|neZ}
This covering contains no finite subcollection that covers R.

Example 2.4.4. Consider the following subsoace of R:

X:{O}U{%

n€Z+}

Given an open covering A of X, there is an element U € A containing 0.
Since U is open, it contains all but finitely many of the points % For each
such point, choose an element of A that contains in. The collection consisting
of these elements of A along with U is a finite subcollection of A that covers
X. Hence this subset is compact.
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Example 2.4.5. Any finite topological space X is necessarily compact as
every open covering of X is finite.

Example 2.4.6. Consider the interval (0,1) and the open covering

e

This covering contains no finite subcollection covering (0,1) hence (0,1) is
not compact.

TZGZ+}

Definition 2.4.7. Let X be a topological spoce andY C X a subspace. Then
a collection A of subsets of X is said to cover Y if the union of its elements
contains Y.

Lemma 2.4.8. Let X be a topological space and Y C X a subspace. Then
Y is compact if and only if every covering of Y by sets open in X contains a
finite subcollection covering Y.

Proof.

= : Assume that Y is compact. Consider the open covering A = {A;}ic;
of Y by sets open in X. Then the collection {A; NY |i € I} is a
covering of Y by sets open in Y. Hence a finite subcollection

is a covering of Y by sets open in Y. This implies that
{AinAiza S aAln}

is a subcollection of A that covers Y.

<=: Now suppose that every covering of Y by sets open in X contains
a finite subcollection covering Y. We want to show that Y is compact.
Let A" = {A;} be a covering of Y by sets open in Y. For each i, choose
a set A; open in X such that A, = A4, NY.
The collection A = {A;} is a covering of Y by sets open in X. By
assumption, some finite subcollection {A4;,,...,A4;, } covers Y.
Then {Aj ,..., A} }is a finite subcollection of A" that covers Y.
Hence Y is compact.
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Theorem 2.4.9. Let X be a compact topological space. Then every closed
subspace of is compact.

Proof. Let X be a compact topological space and Y C X a closed subspace.
Given a covering A of Y by sets open in X, we can form an open covering B
of X by adjoining the open set X\Y to A:

B=AU(X\Y)

Since X is a compact space, some finite subcollection of B covers X. If the
subcollection contains X\Y', discard X'\ Y. The resulting collection is a finite
collection of A that covers Y. O

Theorem 2.4.10. Let X be a Hausdorff space. Then every compact subspace
of X is closed.

Proof. Let X be a Hausdorff space and consider a compact subspace Y C X.
We want to show that Y is closed. This is equivalent to proving that X\Y
is open. It is therefore sufficient to show that given a point z, € X\Y, every
neighbourhood of z is disjoint from Y.

Given a point y € Y, consider the disjoint neighbourhoods U, and V), of z,
and y, the existence of which is guaranteed by the fact that X is Hausdorftf.
The collection {V, |y € Y} is a covering of Y by sets open in X. Therefore,
finitely many of them {V,,,...,V, } cover Y.

The open set

V=V,u---uy,
contains Y and is disjoint from the open set
Uv=0U0,nNn---Nn0U,,

where each U, is the corresponding neighbourhood of z,. Indeed if z €
V then z € V, for some i, hence z ¢ U,, = =z ¢ U. Hence U is a
neighbourhood of z( disjoint from Y. Thus Y is closed. m

Theorem 2.4.11. The image of a compact space under a continuous map
18 compact.

Proof. Let f : X — Y be a continuous map where X is a compact topological
space. We want to show that for every open covering of f(X) C Y, there
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exists a finite subcollection that covers f(X).
Let A be a covering of the f(X) by sets open in Y. The collection

{f(4)]AeA}

is a collection of sets covering X. They are open as f is continuous. Hence
finitely many of them, say f~!'(A;),...,f '(A,) cover X. Hence the sets
Ay, ..., A, cover f(X). O

Theorem 2.4.12. Let X and Y be two topological spaces and f: X —Y a
bijective continuous function. If X is compact and Y is Hausdorff then fis a
homeomorphism.

Proof. 1t is sufficient to show that the image of a closed set of X under f is
closed in Y hence showing that f~! is continuous. If A is closed in X then A
is compact by a previous theorem. Hence by the previous theorem, f(A) is
also compact. By another theorem, we see that since Y is Hausdorff, f(A) is
closed in Y. O]

Lemma 2.4.13. (Tube Lemma)

Consider the product space X X Y where Y is compact. If N is an open set
of X XY containing the slice {xo} XY of X XY then N contains some tube
W x'Y about {xzo} x Y where W is a neighbourhood of x, € X.

Proof. Let X be a topological space and Y a compact space, ro € X and
N C X x Y an open set containing the slice {zo} x Y.

Since the slice {zo} x Y is homeomorphic to Y and Y is compact, it follows
that {x¢} x Y is also compact. We can therefore cover {zo} x Y with finitely
many basis elements, say

Uy xVy,...,U, xV,
Now define
wW=Un---Nnu,

The set W is open as it is the finite intersection of open sets and it contains
xp.

We show that the sets U; x V; actually cover W x Y.

Let (z,y) € W x Y. Consider the point (zg,y) € {xo} x Y having the same
y-coordinate. (zo,y) € U; x V; for some i. Hence y € V;. But x € U; Vi
thus (z,y) € U; x V;. Since all the sets U; x V; lie in N and since they cover
W x Y, the tube also lies in N. O
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Theorem 2.4.14. The product of finitely many compact spaces is compact.

Proof. We shall prove the theorem using induction. For the basis case, we
prove the theorem for the product of two spaces.

Let A be an open covering of X x Y. Given xy € X, the slice {zo} x Y
is compact as it is homeomorphic to the compact space Y. It can therefore
be covered by finitely many elements Ay,..., A,, of A. Their union N =
A U---UA,, is an open set containing {zo} x Y.

By the Tube Lemma, the open set A contains a tube W x Y about {z¢} x Y
where W is open in X. Then W x Y is covered by finitely many elements
A, ... A, of A.

Hence V2 € X, we can choose a neighbourhood W, of x such that the tube
W, x Y can be covered by finitely many elements of .A. The collection of
all such W, is an open covering of X. By compactness of X, there exists a
finite subcollection Wy, ..., W} covering X. The union of the tubes W; x
Y,....,Wr xY is all of X x Y. Since each one can be covered by finitely
many elements, ther union (and hence X x Y') can also be covered by finitely
many elements.

Now assume that the theorem is true for X; x --- x X,,. We want to show
that it holds for X; x -+ x X,41. Xi X -+ x X,41 is homeomorphic to
(X1 x -+ x X,) x X,41. Since this is the product of two compact spaces
Xy x---x X, and X, 1, it follows by the basis case that their product is also
compact. Hence by induction, the product of finitely many compact spaces
is compact. O

Definition 2.4.15. A collection C of subsets of a space X is said to have the
finite intersection property if for every finite subcollection {C4,...,Cy},
their intersection is nonempty.

Remark. Another definition of compactness is if for every collection C of
closed sets in X that has the finite intersection property, the intersection
Ncec s non-empty. This follows from the properties of open and closed sets
and the De Morgan Law.

2.5 Compact Subspaces of the Real Line

Theorem 2.5.1. A subspace A of R™ is compact if and only if it is bounded
in the Fuclidian metric d or the square metric p.



CHAPTER 2. CONNECTEDNESS AND COMPACTNESS o4

Proof. 1t suffices to consider only the metric p as the inequalities

p(z,y) < d(z,y) < Vnp(z,y)

= : Suppose that A is compact. Then by Theorem 2.4.10, A is closed.
Now consider the collection of open sets

B = {B,(0,m)|m e Z.}

whose union is all of R™. Since A is compact, some finite subcollection
of B must cover A. It follows that A C B,(0, M) for some M.
Therefore, for any two points z and y of A we have that p(z,y) < 2M.
Thus, A is bounded under p.

<=: Now assume that A is closed and bounded under p. Suppose that
p(x,y) < N for every pair x, y of points of A. Choose a point zg € A
and let p(zg,0) = b. The triangle inequality implies that
p(x,0) < N+bVaxe A If P= N +bthen A is a subset of the
cube [—P, P]"™ which is compact. Since A is closed, it follows that it
is also compact.

]

Theorem 2.5.2. (Eztreme Value Theorem)

Let X be a topological space and f : X — R a continuous function. If X is
compact then there exists points c,d € X such that f(c) < f(z) < f(d)Vx €
X.

Proof. Since f is a continuous map and X is compact, it follows that A =
f(X) C R is a compact subset. We will show that A has a maximal element
M and a minimal element m. We have that m = f(c) and M = f(d) for
some points ¢,d € X.

Assume that A has no maximal element. Then the collection

{(=00,a) |a € A}
forms an opening covering of A. Since A is compact, some finite subcollection

{(—=00,a1),...,(—00,a,)}

covers A. If a; is the largest of the elements aq, . .., a, then a; nellongs to none
of these sets, contrary to the fact that it forms part of a finite subcovering
of A. Hence A must have a maximal element. A similar argument can be
applied to show that A must have a minimal element. O
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Definition 2.5.3. Let (X, d) be a metric space and A C X a subset. For all
x € X, we define the distance from x to A by the equation

d(z,A) =infd(z,a)|ac A

Definition 2.5.4. Let (X,d) be a metric space and A C X be a bounded
subset. We define the diametre of A to be

diam(A) = sup{d(ay,as) |ai,as € A}

Lemma 2.5.5. (Lebesgue number lemma)

Let A be an open covering of the metric space (X,d). If X is compact, there
1s a 0 > 0 such that for each subset of X having diametre less than ¢, there
exists an element of A covering it. The number § is called a Lebesgue
number for the covering A.

Proof. Let A be an open covering of X. If X is an element of A then any
positive nunber is a Lebesgue number for A and we are done. Hence assume
X is not an element of A.

Choose a finite subcollection {4, ..., A,} of A that covers X. For each i,
set C; = X\ A;. Now define f : X — R by letting f(z) be the average of the
numbers d(z, C;):

f(x) = % Z d(z,C)

First we show that f(x) > 0 Vo € X. Given x € X, choose ¢ such that
x € A;. Now choose € so that the e-neighbourhood of x lies in A;. Then
d(x,C;) > e so that f(x) > <.

Since f is continuous, it must have a minimum value 0. We shall show that
0 is indeed the Lebesgue number for A. Let B be a subset of X of diametre
less than §. Now choose a point 2y € B. Then B lies in the §-neighbourhood
of x¢g. We have that

5 S f(JT()) S d(JTo, Om)

where d(xg, C,,) is the largest of the numbers d(zg, C;). Then the J-neighbourhood
of zy is contained in the element A,, = X\C,, of the covering A. O
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Definition 2.5.6. A function fron the metric space (X,dx) to the metric
space (Y, dy) is said to be uniformly continuous if given ¢ > 0, there is
a 0 > 0 such that for every pair of points xo,r1 € X,

dX(l’o,:L’l) <) — dy(f(l’g),f(xl)) <e€

Theorem 2.5.7. (Uniform Continuity Theorem,)
Let f: X =Y be a continuous map of the compact metric space (X,dx) to
the metric space (Y,dy). Then f is uniformly continuous.

Proof. Let ¢ > 0 and take the open covering of Y by balls B(y, §). Let A be
an open covering of X given by the inverse images of these balls under f. Now
choose 9 to be a Lebesgue number for the covering A. Then if z1, 25 € X are
two points such that dx(z1,x2) < §, the two point set {z1, x2} has diameter
less than ¢ so that its image {f(x1), f(22)} lies in some ball B(y, 5). Then
dy (f(z1), f(z2)) < €. Hence f is uniformly continuous. O

2.6 Local Compactness

Definition 2.6.1. Let X be a topological space. We say that X is locally
compact at x if there is some compact subspace C of X that contains a
neighbourhood of x. If X is locally compact at all of its points, X is said to
be locally compact.

Example 2.6.2. The real line R s locally compact. Indeed given any point
x € R we can take the open neighbourhood (x — 1,x + 1) which lies in the
compact subspace [x — 1,x + 1].

Example 2.6.3. The rationals Q as a subspace of R are not locally com-
pact. Indeed any compact subspace of Q is necessarily a single point. We
cannot squeeze an open neighbourhood of Q around a point inside any of
these compact subspaces.

Example 2.6.4. The space R™ is locally compact. Indeed, consider a point
x€R™ Thenz € (r17—1,xy+1) X -+ X (x, — 1,2, + 1) which is contained
in the compact subspace [xy — 1,21 + 1] x -+ X [z, — 1,2, + 1].

Example 2.6.5. The space RY is not locally compact. Take a point x € R™.
Then x € (21 — Lo1 +1) x - X (x, — Lz, + 1) X [[,o,, R. If this open
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neighbourhood were contained in a compact subspace, then its closure

o1 — Ly + 1] x o, — Lz, + 1] x [[R

>n

would be compact which it is not.

o7



